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A GENERAL  THEORY  FOR  THE  MENStTtATION  OF  THE  ANGLE. 
SUBTENDED  BY  TWO  OBJECTS,  OF  WHICH  ONE  IS  OBSERVED 
BY  RAYS  AFTER  TWO  REFLECTIONS  FROM  PLANE  SURFACES, 
AND  THE  OTHER  BY  RAYS  COMING  DIRECTLY  TO  THE 
SPECTATOR’S  EYE.  BY  GEORGE  ATWOOD,  M.  A.  F.  R.  S. 


THE  actual  determination  of  an  angle  implies  two  obfer- 
vations,  one  taken  at  each  extremity  of  the  arc  by 
which  that  angle  is  meafured.  When  fixed  aftronomical  qua- 
drants or  other  fedors  are  ufed  for  the  pradical  eftimation  of 
angles,  one  of  thefe  obfervations  is  previoufly  made  by  dired- 
ing  the  axis  of  the  teleicope  or  line  of  collimation  to  fome  fixed 
point  in  the  heavens,  the  index  being  then  coincident  with  the 
initial  point  on  the  arc  of  the  fedor  : after  this  adjuftment 
one  obfervation  only  is  neceffary  to  afeertain  the  angular 
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diftance  between  that  point  and  any  other  celeltial  object  in  the* 
plane  of  the  feCtor.  This  method,  however,  is  evidently 
impracticable,  unlefs  the  inftrument  can  be  lleadily  fixed ; for 
which  reafon  altronomical  quadrants  become  ufelels  at  lea  ; and 
from  the  difficulties  which  attend  placing,  them  in  their  due  pofi- 
tion  and  adjuftment  on  firm  ground,  they  are  almoft  wholly 
confined  to  regular  obfervatories. 

Mr.  hadley  *,  by  an  ingenious  application  of  optical  prin- 
ciples, contrived  to  bring  both  extremities  of  the  arc  mealured 
into  the  field  of  the  fpeCtators’s  view  at  the  fame  time  ; by 
which  improvement,  angles  are  taken  at  fca,  as  well  as  on  land 
with  an  unfixed  inftrument,  to  a degree  of  accuracy  fufficient 
for  nautical  and  other  purpofes,  when  the  utmoft  exaCtnefs  is 

not  required. 

Mr.  hadley’s  invention  is  a particular  cafe  of  a veiy 
extenfive  theory,  as  yet  but  little  attended  to.  According  to 
his  method,  which  is  well  known,  the  two  reflecting  furfaces 
ufed  in  the  obfervation  are  perpendicular  to  the  plane  of  mo- 
tion ; the  direction  of  the  telefcope,  and  of  the  rays,  palling 
between  the  refleCtors  being  parallel  to  that  plane  ; whereas  the 
inclination  of  the  telefcope,  and  of  the  intermediate  rays,  as 
well  as  of  the  refleCtors  themfelves  to  the  plane  of  motion, 
admits  of  unlimited  variety.  A general  theory  to  determine 
the  angle  obferved  by  two  reflections  from  the  data  on  wine  a 
its  magnitude  depends,  without  limitation  or  reftriCtion,  feems 
applicable  to  feveral  fifeful  purpofes  in  practical  aftronomy.l  av- 
ing  never  feen  any  geometrical  conftrudion  or  analyfis  ot  this 
curious  problem,  I was  induced  to  bellow  fome  confutation 

* Phil.  Tranf.  N°  4ao.  See  alfo  a baft,  intituled,  The  Theory  of  hadeey’s 
quadrant,  by  the  rev.  w.ludlAj*. 
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-on  the  fubjeX,  and  ihall  be  happy  if  the  refult  of  my  in- 
quiries appears  to  merit  the  attention  of  the  Royal  Society. 

Art.  i.  The  manner  of  taking  an  obi'ervation  by  two  re- 
flexions unconfined  to  any  particular  cafe  may  be  deferibed 
thus.  Let  C,  B (fig.  i .)  reprefent  two  plane  refleXing  furfaces, 
inclined  to  a plane  OPA  at  any  given  angle.  Through  any 
point  of  the  refleXing  furface  C draw  a line  perpendicular  to 
the  plane  OPA,  and  with  the  point  where  the  line  meets  the 
plane  as  a centre  (which  muft  here  be  reprefented  by  C)  and 
any  diftance  CP,  deferibe  a circle  OPA.  The  refleXing  plane  B 
always  continuing  fixed,  let  the  refleXor  C be  moveable  along 
with  the  radius  CP  as  it  revolves  in  the  plane  OPA  round  the 
centre  C : the  angular  motion  of  the  fipeculum  C,  referred 
to  the  circumference  OPA,  will  be  meafured  by  the  arc  which 
the  radius  CP  deferibes,  the  inclination  of  the  plane  C to  the 
plane  of  motion  OPA  being  always  the  fame,  and  equal  to  that 
tof  the  fixed  fpeculum  B. 

2.  The  two  plane  refleXors,  B and  C,  being  equally  in* 
dined  to  the  plane  OPA,  it  follows,  that  during  the  motion  of 
C there  muft  be  fome  point  O in  the  circumference  OAP,  at 
which  when  CP  arrives,  the  refleXor  C will  be  parallel  to  the 
fixed  refleXor  B. 

3.  When  the  moveable  radius  which  carries  round  the  plane 
C is  at  any  other  pofition  CP,  let  a ray  flowing  from  a diftant 
objeX  T impinge  on  the  fpeculum  C ; let  it  be  refleXed  from 
thence  in  the  dircXion  CB,  and  being  again  refleXed  at  B in  the 
direXion  BG,  let  it  be  obferved  by  a 1'peXator’s  eye  at  G ; the 
image  of  T will  appear  fomewhere  in  the  line  GBS  ; fuppofe 
that  a ray  flows  from  a diftant  objeX  S fituated  in  the  line  GB 
produced,  and  that  this  ray  SG  comes  direXly  to  the  fpeXator’s 
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eye  at  G : the  objed  S feen  by  dired  rays,  and  the  image  of 
the  point  T feen  by  rays  after  two  reflections,  will  appear  to 
coincide  in  the  line  GBS.  This  is  an  obfervation  by  two 
reflections,  from  which,  together  with  fuch  data  as  limit  the 
problem,  the  true  angle  lubtended  by  the  objeds  T and  S is  to 
be  inferred. 

4.  The  data  which  limit  this  problem,  being  neceflary  for 
the  determination  of  the  angle  fubtended  by  T and  S are  in 
number  four,  which  are  next  to  be  confidered.  1 ft.  One  of  thefe 
data  is  the  arc  PO,  being  the  angular  diftance  of  the  moveable 
radius  CP,  meafured  on  the  circumference  of  the  circle  OPA, 
from  that  pofition  CO,  at  which  the  two  refledors  are  parallel'; 
the  fituation  of  this  arc  OP  in  refped  of  the  point  O being 
fuppofed  known,  that  is,  it  being  known  on  which  fide  of  that 
point,  OP  is  fituated  in  refped  of  the  ray  BG.  2dly,  The  com- 
mon inclination  of  the  refleding  planes  B and  C to  the  plane  of 
motion  is  another  of  thefe  data.  The  third  and  fourth  of 
the  conditions  muft  be  mentioned  rather  more  particularly. 
The  ray  BG  is  always  underftood  to  be  given  in  pofition  in 
relped  of  the  plane  of  motion  OPA  (confidered  as  immoveable) 
being  either  coincident  with  the  line  of  corlimation  of  a tele- 
fcope,  or  direded  by  fights  fo  as  to  be  invariably  fixed  : thefjpe- 
culum  B alfo  being  unmoved,  the  line  or  ray  BC  will  never 
change  its  pofition,  from  the  known  principles  of  refledion. 
The  angle  CBG,  therefore,  and  the  half  of  that  angle 
being  the  angle  of  incidence  at  which  CB  impinges  on  B, 
will  be  always  of  the  fame  magnitude  r whereas  the  half  of 
the  angle  BCT,  or  the  angle  of  incidence  on  the  moveable 
fpeculum  C,  is  continually  changing,  while  C is  carried 
round  in  the  plane  of  motion : this  conftant  angle  of  in- 
cidence or  refledion  at  the  fixed  fpeculum  B will  be 
another  of  the  data  neceflary  to  determine  the  problem. 
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The  rays  GB,  BC,  and  the  fpeculum  B,  being  fixed  in  refpeft 
of  each  other,  and  of  the  plane  OAP,  the  plane  CBG  will 
alfo  be  given  in  pofition  ; that  is,  its  inclination  to  the  plane  of 
motion,  or  to  any  other  fixed  plane,  will  conftantly  be  the 
fame:  whereas  the  inclination  of  the  plane  BCT  to  the  plane 
of  motion,  or  other  fixed  plane,  will  be  continually  changing 
while  the  refledtor  C revolves  with  the  radius  CP.  The  polition 
of  the  plane  GBC  conftitutes  the  fourth  and  laft  of  the  data* 
and  it  will  be  immaterial  to  what  fixed  plane  it  is  referred.  In 
the  enfuing  folution  the  fituation  of  this  plane  will  be  defined 
by  its  inclination  to  the  fixed  fecondary  of  the  plane  of  motion 
which  paffes  through  the  point  O. 

5.  The  enumeration  of  tliefe  data  leads  to  the  conftruc- 
tion  ol  the  problem,  a few  oblervations  being  previoufly 
inferted  to  prevent  repetitions  and  unnecefliiry  references,  iff. 
The  objedts  obferved  are  underftood  to  be  lucid  or  illumined 
points,  and  fo  diftant,  that  the  rays  w'hich  flow  from  either  of 
them  may  be  efteemed  parallel  without  error  as  far  regards 
thefe  obfervations : luch  objedts  arc  the  fixed  Bars,  any  given 
points  in  the  dilks  of  the  fun  or  planets,  &c.  2dly,  As  in  mea- 
furing  the  angular  pofitions  of  objedts  which  lie  in  the  fame 
plane,  thefe  objedts  are  referred  to  the  circumference  of  a circle, 
the  centre  of  which  is  coincident  with  the  l'pedtator’s  eye  ; fo 
in  eftimating  the  politions  of  objedts  which  lie  in  different  planes, 
and  of  the  inclinations  of  thefe  planes  to  each  other,  the  ob- 
jedts, &c.  are  referred  to  the  circumference  of  a fphere,  of 
which  the  centre  coincides  with  the  centre  of  the  fpedtator’s 
view : applying  this  to  the  prelent  cafe,  fince  the  lines 
CT,  CB,  SG  (fig.  1.)  are  fituated  in  different  planes;  in  order 
to  eftimate  their  pofitions,  any  point  may  be  afi’umed  as 
the  centre  of  a fphere,  and  through  that  point  lines  are  to  be 
drawn  parallel  to  the  given  lines  CT,  CB,  SG,  the  points  in 
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which  the  lines  interfed  the  fpheres  furface  will  give  their  re- 
lative fituations  by  the  rules  of  trigonomety.-  ^dly,  There 
will  be  no  neceflity  to  reprefent  the  refleding  planes  in  the 
general  conftrudion,  fince  the  potions  of  the  perpendiculars 
to  the  planes  will  give  the  fituations  of  the  planes  themfelves. 

6.  To  determine  by  conftrudion  the  angle  fubtended  by  the 
objeds  T,  S,  from  the  data  which  have  been  defcribed,  letr 
APOCQj^fig.  2.)  reprefent  a great  circle  of  the  fphere  to  the 
furface  of  which  the  objeds  obferved,  and  the  petitions  of  the 
incident  and  refleded  rays,  &c.  are  referred  ; C being  the  cen- 
ter, CK  the  axis,  and  K the  pole  of  this  great  circle ; through 
K draw  any  fecondary  KO,  and  from  the  pole  K,  at  the  diftance 
of  the  arc  KF,  = the  meafure  of  the  given  inclination  of  the -re- 
fleding planes  to  the  plane  of  motion,  defcribe  a parallel  or  lefler 
circle  FIM : with  the  poleF,  and  at  a diftance  equal  to  a quadrant, 
defcribe  an  arc  of  a great  circle  interfeding  the  fecondary  KO 
produced  in  the  point  X,  and  in  this  arc  from  X take  XY  = the 
meafure  of  the  given  inclination  of  the  fixed  plane  of  refiedion  at 
the  fpeculumB  to  the  fecondary  which  paffesthrough  the  point  O; 
and  draw  the  quadrant  YF,  which  produce  in  the  diredion  YF : 
from  F on  either  fide  of  F fet  off  FD  equal  to  the  meafure  of  the 
given  conftant  angle  of  incidence  at  the  fpeculum  B,  and  make 
FB  (taken  on  that  fide  of  F which  is  oppofite  to  D)  equal  to  FD. 
Draw  the  radius  CO  : from  O fet  off  an  arc  OP  in  the  circum- 
ference OPA  equal  to  the  meafure  of  the  angular  diftance  de- 
fcribed  by  the  moveable  radius  CP  from  that  pofition  at  which 
the  refledors  are  parallel ; obferving  that  the  arc  OP  be  on  that 
fide  of  the  point  O which  *correfponds  with  the  conditions  of  the 
problem  (art.  4.):  through  P defcribe  the  fecondary  KP  inter- 
feding the  parallel  FIM  in  the  point  I : through  B and  I defcribe 

* It  is  fuppofed  to  be  known,  whether  CP  beginning  its  motion  from  the  pofi- 
tion CO  approaches  towards  the  vifual  ray  BG  or  recedes  from  it. 
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the  arc  of  a great  circle  BIE,  and  in  it  take  El  equal  to  IB  : 
through  D and  E draw  the  arc  of  a great  circle  DE  : the  arc 
DE  will  be  the  meafure  of  the  true  angle  fubtended  by  the 
objects  obferved,  according  to  the  data  of  the  problem. 

Previous  to  the  dcmonllration  of  this  conftru&ion,  the  appli- 
cation of  it  to  the  method  of  oblervation  by  two  reflections 
ffiould  bedeferibed.  Join  CP,  Cl,  and  CF.  To  the  extremity  C 
of  the  radius  CP  let  a plane  fpeculum  be  affixed,  Cl  being 
always  perpendicular  to  this  plane  : as  PC  revolves  in  the  plane 
of  motion,  the  perpendicular  Cl  will  deferibe  the  parallel  or 
Ifcfler  circle  F1M,  and  when  CP  coincides  with  CO,  Cl  will 
coincide  with  CF.  Through  B draw  BR  parallel  to  CF,  and 
let  a plane  fpeculum  be  fixed  at  B perpendicular  to  BR  ; CF 


and  BR  being  parallel  when  the  perpendicular  Cl  coincides 
with  CF,  the  reflc&ors  at  C and  B will  then  be  parallel. 

Join  CD,  and  produce  it  to  a very  diftant  point  S,  and 
through  B draw  GBS  parallel  to  CDS ; the  refleftors  C and  B 
being  parallel,  and  their  perpendiculars  coinciding  with  CF  and 
BR,  let  a ray  SC  impinge  on  the  refle&or  C : becaule  FC  is  the 
perpendicular  to  the  fpeculum  C and  the  arc  DF_  FB  by  cou- 
rt nidion,  thefe  arcs  being  in  the  plane  of  the  fame  great  circle 
DBQ^,  it  follows,  that  the  ray  SC  will  be  reflected  from  C in 
the  dire&ion  CB,  impinging  on  the  fpeculum  B at  the  angle  of 
mcidence  CBR  ; and  flnee  DC  and  BG  are  parallel  by  con - 
ftruftion,  and  the  parallel  lines  FC  BR  fall  on  them  the 
angles  RBG,  FCD,  will  be  equal,  and  FCB  or  CBR  = RBG. 
CB  therefore  being  the  r ay  incident  on  the  fpectilom  B will  bc~ 
reflefted  ,n  the  direction  BG  parallel  to  SC ; and  a ray  SG  com- 
mg  1 ire£Uy  from  S will  be  leen  coincident  with  the  reflected 
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• B,  that  ts,  the  planes  DCB  and  CBG  coincide,  the  re- 
fle&ors  being  parallel. 
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Let  the  radius  CP  move  from  the  pofition  CO,  carrying  with 
it  the  fpeculum  C and  its  perpendicular  Cl : then,  El  being 
equal  to  IB  by  conftrudtion,  a ray  impinging  on  C in  the  di- 
redtion  TEC  will  be  refledted  in  the  plane  ECB,  and  becaufe 
ECI  = ICB,  the  refledted  ray  will  coincide  with  the  line  CB, 
and  after  refledtion  at  B will  * proceed  in  the  diredtion  BG, 
being  coincident  with  the  ray  SG  which  comes  diredtly  from  S. 
When  the  perpendicular  Cl  leaves  CF,  the  plane  of  refledtion 
ICB  becomes  inclined  to  the  plane  of  refledtion  DCBG  with 
which  it  before  coincided ; but  the  pofltion  of  the  rays  CB, 
BG,  and  of  the  perpendicular  BR,  remains  unaltered ; for 
which  reafon  the  plane  GBCFD  correfponds  to  the  fixed  plane 
of  refledtion  deferibed  among  the  conditions  (art.  4.).  When 
Cl  was  coincident  with  CF,  the  radius  CP  was  coincident  with 
CO,  O being  the  initial  point  of  the  arc  OP,  deferibed  by  the 
radius  CP,  denoting  that  when  CP  coincides  with  O,  the  re- 
fledtors  being  then  parallel,  the  inclination  of  the  ray  SC  ob- 
ferved  after  two  refledtions,  and  SG  obferved  by  diredt  rays 
parallel  to  SC,  is  nothing:  the  great  circle  KO,  therefore, 
which  pnfles  through  O and  F,  will  be  the  fixed  or  primitive  fe- 
condary  to  which  the  inclination  of  the  fixed  plane  of  reflec- 
tion at  the  fpeculum  B is  referred. 

The  demonftration  of  the  conftrudtion  will  confift  of  two 
parts.  It  muft  be  firft  fhewn,  that  the  conditions  or  data  of 
the  problem  are  obferved  in  the  conftrudtion.  2dly,  That  the 
magnitude  of  the  arc  ED,  which  meafures  the  angle  fubtended 
by  the  obferved  objedts  is  limited  or  determined  by  them. 

Suppofing  the  angle  TCS  to  be  of  any  unknown  quantity, 
it  has  appeared,  that  according  to  the  conftrudtion,  the  rays 
which  come  from  T,  and  are  feen  after  two  refledtions  at  C and 
B,  will  be  obferved  to  coincide  with  the  rays  which  come 
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dire&ly  from  S.  That  the  conditions  of  the  problem  are  ful- 
filled in  the  conftruCtion  is  demonftrated  thus : 

1 ft.  The  inclination  of  the  reflectors  B and  C to  the  plane  of 
motion  was  conftructed  of  the  magnitude  which  ismeafured  by 
the  arc  KF.  KC  is  perpendicular  to  the  plane  of  motion.  CF 
is  perpendicular  to  the  refleCtor  C,  and  the  inclination  of  thele 
two  lines  CK,  CF,  is  meafured  by  the  arc  KF  ; but  the  incli- 
nation of  any  two  planes  is  the  lame  as  the  inclination  of 
two  lines  which  are  perpendicular  to  them  ; the  inclination 
therefore  of  the  rcfleCtor  C to  the  plane  of  motion  is  meafured 
by  the  arc  KF,  and  the  fpeculum  B is  equally  inclined  to  the 
plane  of  motion  with  C by  tiie  conftruCtion,  the  perpendiculars 
CF  and  Cl  being  parallel  when  both  are  fituated  in  the  plane  of 
the  fame  great  circle  DBQ. 

2dly,  KO  being  the  fecondary  to  which  the  pofition  of  the 
fixed  plane  of  reflection  DFB  at  the  fpeculum  B was  referred, 
that  given  inclination  will  be  equal  to  the  angle  OFB,  which 
is  mealured  by  the  arc  XY  according  to  the  conftruCtiou,  FY 
being  a quadrant. 

3dly,  Moreover,  FD  = FB,  was  conftructed  equal  to  the  con- 
ftant  angle  of  incidence  at  the  fixed  fpeculum  ; CBR  is  the 
angle  of  incidence  at  the  fixed  fpeculum  B,  audit  is  equal  to  the 
angle  BCF,  becaule  CF  and  BR  are  parallel  by  conftructiou,  and 
CB  falls  on  them  ; FB,  or  its  equal  FD  therefore  is  truly  con- 
ftruCted  the  mealure  of  the  given  conftant  angle  of  incidence  at 
the  fixed  fpeculum  B. 

4thly,  Bee au fe  it  has  been  (hewn  that  CO  is  the  pofition  of 
the  radius  CP,  when  the  reflectors  are  parallel,  the  arc  OP  :s 
rightly  conftruCted  the  meafure  of  the  angular  diftance  of  the 
radius  CP  from  that  pofition. 

It  remains  only  to  demonftrate  that  thefe  four  given  quanti- 
ties, KF,  OP,  XY,  and  DF,  limit  the  magnitude  of  the  arc 
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ED  : through  I and  F draw  the  arc  IF : then  the  given  arc 
KF  orKI,  and  the  angle  IK.F,  meafured  by  the  given  arc  PO, 
define  the  triangle  1KF,  and  in  it,  therefore,  the  fide  LF  and 
and  the  angle  IFK  are  determined.  If  from  IFK,  the  given 
angle  DFK,  meafured  by  the  arc  XY,  be  fubtrafted,  the  re- 
mainder IFD,  and  1FB  its  fupplement  to  i8o°  will  be  defined  : 
tiie  given  arc  FB,  with  the  angle  1FB  and  the  arc  IF,  deter- 
mine the  angle  IBF,  and  the  arc  IB,  or  its  double  BE  : and  the 
given  arc  BD,  the  arc  BE,  with  the  contained  angle  DBE  before 
determined,  define  the  arc  ED,  which  is  therefore  the  true  mea- 
fure  of  the  angle  fubtended  by  the  obje&s  obferved  under  the 
conditions  fulfilled  in  the Conftruftion* 

y.  The  computation  of  the  obferved  angle  DCE  being  for 
the  prefent  omitted,  fome  confequences  which  follow  from  the 
conftru&ion  may  be  inferted  in  this  place,  being  either  corol- 
laries, or  fuch  truths  as  admit  of  eafy  geometrical  dedu&ion 
from  the  general  propofition.  The  line  DC  will  always  be  the 
pofition  of  the  vifual  ray  or  line  of  collimation  of  the  telefcope 
ufed  in  the  obfervation,  and  the  inclination  of  it  to  the  plane 
of  motion  will  be  meafured  by  the  complement  of  the  arc  DK 
to  a quadrant.  The  line  BC  will  be  the  pofition  of  the  ray 
which  pafles  between  the  refledlors  B and  C,  and  the  inclina- 
tion of  it  to  the  plane  of  motion  will  be  meafured  by  the  com- 
plement of  the  arc  BK.  to  a quadrant.  Thefe  arcs  are  left  out 
of  the  figure,  that  the  more  material  parts  of  the  conftrudtion 

might  not  beconfufed  by  them. 

8.  Every  thing  elfe  remaining,  let  the  parallel  F1M  (fig.  3.) 
be  projected  on  the  plane  of  motion  QOP.  Through  the 
points  F and  1 draw  the  arc  of  a great  circle  NIFR.  The  ob- 
served * objects  T and  S,  or,  which  is  the  fame  thing,  the  points 
of  interfedion  at  the  fphere’s  furface  E and  D will  be  at  equal 

* Compare  fig.  2 » 
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perpendicular  diftances  from  this  arc,  which  may  be  demon- 
ftrated  thus.  Through  the  points  E,  I),  and  B,  draw  the 
arcs  EN,  DL,  and  BR,  perpendicular  to  NIFR  : then  the  tri- 
angles DFL,  FBR,  being  equal,  DL  will  be  equal  to  BR  ; 
moreover,  the  triangles  ENI,  IRB,  being  equal,  the  arcs  EN, 
RB,  will  be  equal : from  whence  it  follows,  that  EN  = DL,  or 
the  perpendicular  diftances  of  the  points  E and  D from  the  arc 
of  a great  circle  which  pafles  through  the  points  I and  F,  are 
equal.  It  appears  alfo,  from  the  lame  conftrudtion,  that  the 
arc  NL,  intercepted  between  the  two  perpendiculars  EN,  DL, 
is  equal  to  twice  IF : for  becaufe  the  triangles  EIN,  RIB,  are 
equal,  as  are  the  triangles  DLF,  RFB,  it  follows,  that  NI  is 
equal  to  IR,  and  LF  to  FR,  wherefore  alR  = NR,  and  2RF 
= LR  : whence,  by  fubtra&ing  equals  from  equals,  2RI  — 2RF 
= NR  — LR,  or  2IF  = NL,  which  was  the  equality  to  be  de- 
monftrated. 

9.  From  this  laft  conftrudtion  and  demonftration  the  follow- 
ing proportion  is  inferred.  As  radius  : cofine  of  DL  or  EN, 
fo  is  the  fine  of  IF  to  the  fine  of  half  the  arc  ED,  or  of  half  the 
obferved  angle  : for  if  the  arcs  NE,  LD  (fig.  3 ),  be  continued 
until  they  meet  in  the  pole  H,  the  arcs NH,  LH,  will  be  qua- 
drants, and  the  triangle  EHD  ifol'celes,  which,  from  a property  of 
fpherics  too  obvious  to  need  demonftrating,  gives  this  propor- 
tion : as  the  chord  of  NL  to  the  chord  of  ED,  fo  is  radius 
to  the  fine  of  DH,  or  cofine  of  DL ; but  the  chord  of  NL  is 
equal  to  the  chord  of  2IF  from  art.  8.  We  have,  therefore, 
as  radius  : cofine  DL,  fo  is  the  chord  of  2 FI  to  the  chord  of 
ED,  or,  which  is  the  fame  proportion,  as  radius  : cofine  DL, 
fo  is  the  fine  of  IF  to  the  fine  of  half  ED. 

10.  From  the  laft  article  it  appears,  that  the  fine  of  half 
the  angle  between  the  obferved  obje&s,  or  the  fine  of  half  ED, 
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is  proportional  to  the  fine  of  FI  and  the  cofine  of  DL  jointly ; 
confequently  the  fine  of  FI  being  the  fame,  fin.  i ED  is  propor- 
tional to  the  coline  of  DL ; this  will  lead  to  the  realon  why  in 
enumerating  (art.  4.)  the  * conditions  which  limit  the  magnitude 
of  the  obferved  arcED,the  pofitionof  the  fecondaryKP,in  refpedt 
of  the  point  of  interfe&ion  Q^and  of  the  fixed  fecondary  KO, 
was  annexed  : for  it  will  appear,  that  every  thing  elfe  being  the 
fame,  the  magnitude  of  the  arc  ED  will  depend  on  the  polition 
of  the  fecondary  KP,  whether  it  be  on  one  fide  of  the  fixed  fe- 
condary KO,  or  on  the  other,  the  angles  PKO,/KO,  being  equal. 
Having  fet  off  Op  = OP  draw,  the  fecondary  K p interfering 
the  parallel  FIMU  in  the  point  U ; and  through  B and  U draw 
the  arc  of  a great  circle  BUW  *,  take  UVV  = BU  ; and  through 
D and  W draw  the  arc  of  a great  circle  DW  : then  by  the 
conftrudtion  and  demonstration  in  art.  6.  the  angle  fubtended 
by  the  obferved  objeCts  will  be  meafured  by  the  arc  DW,  and  it 
will  be  eafy  to  fhew,  that  DW  is  not  equal  to  DE,  except  in 
two  extreme  cafes ; that  is,  when  the  fixed  plane  of  reflection 
DFB  is  either  coincident  with  the  primitive  fecondary  KO  or 
perpendicular  to  it.  Through  the  points  F and  U draw  the 
arc  of  a great  circle  VFU,  and  from  D draw  the  arc  DV 
perpendicular  to  VFU : fince  + the  fines  of  half  the  arcs 
DE,  DW,  are  in  a proportion  compounded  of  the  proportions 
of  the  fine  of  IF  to  the  fine  of  FU,  and  of  the  cofine  of  DL 
to  the  cofine  of  DV,  the  fines  of  IF,  FU,  being  equal  by  the 
conftrudhon,  the  fines  of  half  the  arcs  ED,  DW,  w ill  be  in  the 
fame  proportion  with  the  cofines  of  DL  and  DV,  which  are 
evidently  unequal ; confequently,  the  fines  of  half  the  arcs 
DE,  DW,  and  therefore  the  arcs  themfelves,  muft  be  unequal. 

11.  The  angles  PKO,  OK/,  remaining  equal,  when  the 
fixed  plane  of  reflection  BFD  (fig.  4.)  is  coincident  with  the 

* Compare  fig.  2..  t Supra. 
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fecondary  KO,  or  at  right  angles  to  it,  the  perpendiculars  DL, 
DV  become  equal  in  both  cafes,  which  is  obvious  from  the 
equa’lity  of  the  triangles  DVF,  DLF ; it  follows,  therefore, 
-(art.  10.)  that  the  lines  of  H andFU,  and  the  colines  of  DL,, 
DV,  being  equal,  the  arcs  DE,  DW,  will  be  equal  in  thele  two 

■extreme  cales,  but  in  no  other. 

i 2.  Since  the  angle  fubtended  by  the  obferved  objects  (art. 
10.)  depends  only  on  the  line  ot  lb  and  the  coline  of  DL,  it 
is  plain,  that  if  the  points  D and  B be  interchanged,  (tig.  2,3,4.) 
the  angle  obferved  will  not  be  altered,  every  thing  elle  remaining 
the  lame  ; becaule  neither  the  line  of  lb , nor  the  cofine  of  DD, 
is  affected  by  this  change,  bor  thisreafon  in  any  con  lb  t tuition  foi 
meafuring  angles  by  two  reflections,  the  polition  ot  the  * \1l11al 
ray  may  be  altered  into  that  of  the  ray  BC  palling  between  the 
reflectors,  which  will  become  in  that  cale  the  iituation  ot  the 
vilual  ray,  this  alteration  noways  afieCting  the  obferved  angles. 

1 3.  While  the  perpendicular  Cl  (tig.  2.  and  5.)  deferibes  the 
parallel  F1M,  the  angle  of  incidence  on  the  moveable  fpeculum 
C,  that  is,  the  angle  ECI  or  ICB,  mealured  by  die  arc  BI, 
continually  increafes  until  it  arrives  at  a certain  limit.  T his 
limit  is  determined  by  drawing  through  the  points  B and  K 
the  arc  of  a great  circle  BICN1.  When  the  perpendicular  Cl 
arrives  at  M,  the  -arc  BM  is  the  greateft  polfible,  wdiich  will 
therefore  be  the  mealure  of  the  greateft  angle  of  incidence  on 
the  moveable  fpeculum,  accorduig  to  this  conftruCtion,  the 
radius  CP  having  then  deferibed  from  O an  arc  which  is  the 
mealure  of  the  angle  FKM.  Now  it  is  plain,  that  if  the  arc 
.MB  Ihould  be  greater  than  a quadrant,  there  can  be  no  vifion 
by  two  reflections,  w hen  the  perpendicular  Cl  coincides  with  M 
(luppoling  the  moveable  fpeculum  to  reflect  on  one  fide  only) 
becaufe  the  angles  of  incidence  and  reflection  on  any  fpeculum 

* The  pofition  of  the  ray  DC  is  the  fame  with  that  of  the  ray  QG  parallel  to 
it,  when  referred  to  diftant  objects. 
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muft  be  lefs  than  90  . If  BM  be  lefs  than  a quadrant,  an 
observation  by  two  reflexions  may  be  taken  when  the  radius 
CP  is  direXed  to  any  point  in  the  circumference  of  the  plane  of 
motion.  YV  hen  the  arc  BM  is  greater  than  a quadrant,  two 
other  limits  will  be  produced  in  the  circumference  of  the  plane 
OCP ; while  the  radius  CP  is  between  thefe  limits,  no  obfer* 
vation  by  two  refleXions  can  be  taken  r thefe  limits  are  con- 
ftruXed  thus  (fig.  6.).  BM  being  greater  than  a quadrant,  with 
the  pole  B and  diftance  BI  equal  to  a quadrant,  defcribe  the 
arc  of  a great  circle  17  interfeXing  the  parallel  FIM  in  the 
points  I and  i:  through  I and  i draw  the  fecondaries  KY,  KZ.: 
while  the  radius  CP  is  between  Z,  and  Y no  obfervation  can  be 
taken  by  two  refleXions.  If  BIE,  B/E,  be  drawn  equal  to  a 
femi-circle,  and  DE  joined,  then  DE  will  be  the  meafure  of 
the  limiting  angle  which  can  be  obferved  by  this  conftruXion, 
either  on  one  fide  of  KO  or  on  the  other ; and  becaufe,  by  the 
principles  of  trigonometry,  the  arcs  BD  and  DE  are  in  the  fame 
great  circle,  BDE  being  a femi-circle,  we  fhall  derive  from  tire 
conftruXion  this  conclufion  : the  difference  between  180°  and 
double  the  angle  of  incidence  on  the  fixed  fpeculum,  will  be  a 
limit  which  terminates  the  angle  obferved  by  two  refleXions  in 
every  cafe,  when  the  arc  BM  is  greater  than  a quadrant  *. 

14.  In  any  given  example  formed  on  the  principles  which 
have  been  demonftrated  (fig.  2.)  for  the  eftimation  of  angles 
by  two  refleXions,  three  of  the  four  quantities  neceflary  to 
determine  the  refult  muft  conftantly  be  the  fame,  while  the 
fourth,  that  is,  the  arc  OP,  varies  with  the  magnitude  of  the 
angle  fubtended  by  the  objeXs  obferved  : the  different  magni- 
tudes of  thefe  three  given  quantities  will  caufe  a great  variety 
of  properties  in  conftruXions  which  depend  on  the  general 

* This  termination  of  the  angle  which  can  be  obferved  by  two  refkaions  may 
happen  while  the  obferved  angle  is  increafing  or  decreafing  during  the  revolution 
of  the  index  in  the  plane  of  motion. 

theory. 
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theory.  If  the  angle  DFK  (fig.  2.),  being  the  inclination  of 
the  fixed  plane  of  reflection  to  the  primitive  feconda  y be 
= and  the  arc  KF,  or  the  inclination  of  the  reflectors  to 
the  plane  of  motion,  be  = 90°  alfo,  the  conftruCtion  will  be- 
come that  of  hadley’s  inftrument  (fig.  7.),  whatever  be  the 
magnitude  of  the  arc  DF,  that  is*  of  the[angle  of  incidence  on  the 
fixed  fpeculum  B : in  thiscafe  the  pointsF and  O,  and  the  points 
I and  P,  coincide.  Here  IF  or  PO  meafures  the  inclination  of 
the  refleCtors  to  cach.other ; and  hecaul'e  BF  = FD,  and  BI  = IE, 
by  conftruCtion,  it  follows,  that  DE=  2PO,  that  is,  the  angle 
fubtended  by  the  obferved  objeCts.  is  double  to  the  angle  at 
which  the  rcfleCtors  are  inclined  to  each  other.  This  is  a known 
property  of  hadley’s  inftrument,  in- which  the  vifualray,  and 
the  ray  intermediate  between  the  refleCtors,  are  in  the  plane  of 
motion,  which  is  alfoexprefled  in  the  conftruCtion,  DC  and  BC 
coinciding  with  the  plane  POC. 

15.  BileCt  KO  in  F then  will  KF  = 450  (fig.  8.).  The 
vifual  ray  CD  being  coincident  with  the  plane  of  motion,  let 
the  inclination  of  the  refleCtors  to  that  plane  be  equal  to 
450 : moreover,  let  the  angle  * DFK  = 1 8o°  ; fo  fhall  D coin- 
cide with  O,  and  B with  K : this  will  afford  a good  example 
to  the  general  theory.  Let  the  radius  CP  move  into  any  given 
pofition,  carrying  with  it  the  fpeculum  C and  its  perpen- 
dicular Cl : here  the  obferved  objeCt  E and  the  point  B are 
always  equi-diftant  from  I ; and  becaufe  BI  is  half  a quadrant 
by  conftruCtion,  it  follows,  that  IE  will  be  of  the  fame  mag- 
nitude, BE  therefore  will  be  a quadrant,  and  confcquently  E 
will  Coincide  with  P,  being  always  in  the  plane  of  motion. 
The  following  properties  are  alfo  derived  from  this  conftruCtion. 
1 ft.  The  arc  DE  fubtended  by  the  obferved  objeCts  is  equal  ta 
the  arc  deferibed  by  the  index  or  moveable  radius  CP  from  O ; 

* Compare  fig.  2. 
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differing  in  this  from  Mr.  hadley’s  conftru&ion,  in  which 
the  angle  obferved  is  equal  to  double  the  angle  defcribed  by  the 
moveable  radius  from  the  initial  point  of  the  arc  O.  While 
therefore  the  moveable  fpeculum  C is  carried  round  by  the  ra- 
dius CP  in  the  plane  of  motion  according  to  the  new  conftruc- 
tion  juft  defcribed,  the  image  of  E moves  with  an  angular  velocity 
juft  equal  to  that  of  the  radius,  the  motion  of  the  image  being, 
according  to  Mr.  hadley’s  invention,  always  greater  than  that 
of  the  radius  in  the  proportion  of  2 to  1.  2dly,  The  angles 
of  incidence  and  reflection  on  both  furfaces  are  conftantly  the 
fame,  being  equal  to  450.  3dly,  BI  (art.  13)  being  always 
lofs  than  90°,  obfervations  by  two  reflections  may  be  taken  all 
round  the  circle,  that  is,  angles  of  any  magnitude  may  be 
meafured  by  this  conftruCtion.  It  will  not  be  difficult  in  prac- 
tice to  regulate  the  inclination  of  the  plane  refleCtors  to  the 
plane  of  motion,  with  the  other  given  quantities  to  their  true 
magnitude.  Let  the  refleCtors  B and  C be  brought  parallel 
when  the  index  or  radius  CP  is  directed  to  O,  being  the  initial 
point  of  the  arc  OP  : in  order  to  examine  whether  the  fixed 
plane  of  reflection  BFD  be  coincident  with  the  primitive  fecon- 
dary  KO,  it  is  only  neceflary  to  obferve  the  angle  fubtended  by 
two  given  objeCts  when  the  index  CP  is  on  the  different  lides  of 
the  initial  point  O : if  the  index  be  directed  to  unequal  diftances 
from  that  point  at  the  times  of  obfervation,  a correction  is  re- 
quired (art.  11.).  To  examine  whether  the  inclination  of  the 
reflectors  to  the  plane  of  motion  be  exaCtly  450,  let  the  index 
CP  be  directed  to  1 8o° : if  the  inclination  of  the  refleCtors  to 
each  other  be  not  then  = 90°,  a corre&ion  muft  be  applied.  It 
will  be  known  whether  the  inclination  of  the  refleCtors  to  each 
Other  be  = 90°,  by  obferving  the  two  oppofite  horizons  at  fea, 

and  at  land  by  various  obvious  methods.  Thefe  examinations 

are 
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at  e wholly  independent  of  the  inclination  of  the  telefcope  to  the 
plane  of  motion,  which  is  regulated  to  its  true  fituation  parallel 
to  the  plane  OPA,  by  making  the  plane  OPA  fixed  in  regard  to* 
diilant  objects,  and  by  observing  if  the  images  of  objeXs  E,  feen 
after  two  reflexions  of  the  rays,  defcribe  the  arc  of  a great  circle 
while  C is  carried  round  the  plane  of  motion.  Any  three  fixed  ob- 
jects, atafufficient  diftance,  and  fituated  in  the  fame  plane  with* 
the  oblerver’s  eye,  will  be  fufficient  for  making  this  adjuftment.- 

Fig.  9.  10.  and  11.  reprefent  the  progrefs  of  the  rays,  and 
the  polition  of  the  refleXors  according  to  this  conftruXion.  TC 
is  a ray  ifiuing  from  any  object  T in  a direXion  parallel  to  the 
plane  of  the  motion,  and  impinging  on  the  fpeculum  C,  which 
is  inclined  to  that  plane  at  an  angle  of  450 : from  hence  it  is 
refleXed  in  the  direXion  CB  perpendicular  to  the  plane  OCA,, 
and  being  there  refleXed  by  the  fpeculum  B proceeds  in  the  given 
or  conftant  direXion  RG  parallel  to  the  plane  of  motion  OPA. 

16.  There  is  another  conftruXion  which  follows  from  the 
general  theory,  die  defcription  of  which  fhould  not  be 
omitted.  This  will  require  fome  little  explanation.  As  be- 
fore (fig.  12.)  let  OPA  reprefent  the  plane  of  motion,  K its 
pole,  F1M  a parallel  or  Idler  circle  projeXcd  on  it,  the  diftanco 
of  this  parallel  from  the  pole  K being  meafured  by  the  arc  FK 
let  KO  be  the  primitive  fecondary,  and  BFD  the  fixed  plane  of 
rcfleXion  on  the  fpeculum  B coincident  with  it.  The  other 
parts  of  the  conftruXion  * remaining,  it  has  been  demonftrated 
(art.  10),  that  the  tine  of  half  the  obferved  angle,  that  is, 
the  fine  of  half  ED,  is  proportional  to  the  fine  of  IF,  and 
the  cofine  of  DL  jointly.  Every  thing  elfe  being  the  fame, 
it  is  manifeft,  that  the  fine  of  half  ED  will  be  proportional  to 
die  fine  of  IF : as  therefore  the  arc  KF,  that  is,  the  inclina- 
tion of  the  refleXing  planes  to  the  plane  of  motion,  is  decreafed, 

* Compare  fig.  2.  and  3. 
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the  angle  meafured  or  arc  ED  will  become  fmaller  at  the  fame 
time,  becaufe  FI  decreafes  with  KF,  the  angle  IKF  remaining. 
This  property  feems  applicable  to  good  purpofe  in  meafuring 
fmall  angles.,  not  only  from  the  great  extent  of  fcale,  which 
is  here  obtained,  but  from  various  advantageous  circumftances, 
which  will  appear  in  the  fubfequent  article,  and  from  the  com- 
putations annexed  in  thofe  which  follow. 

In  this  coiiftruCtion  the  fixed  plane  of  reflexion  is  made 
coincident  with  the  primitive  fecondary  for  various  reafons : 
there  are  only  two  positions  of  that  fixed  plane  which  admit  of 
eafy  and  exnCt  adjuftments  ; thefe  are  when  the  fixed  plane  of 
reflection  is  either  perpendicular  (art.  1 1 .)  to  the  primitive  fe- 
condary or  coincident  with  it.  The  latter  pofition  is  preferred 
exclufive  of  the  advantages  it  poflefles  in  common  with  the 
other,  becaufe  it  affords  means  for  a very  precife  adjuftment  of 
the  inclination  of  the  reflecting  planes  to  the  plane  of  motion, 
that  is,  of  the  arc  KF  ; for  if  the  primitive  fecondary  OKMD 
(fig.  1 2.)  be  produced,  and  in  it  DG  be  taken  equal  to  four  times 
KF,  it  is  manifeft,  that  when  the  perpendicular  Cl  coincides  with 
M,  or,  which  is  the  fame  thing,  when  the  radius  CP  is  directed 
to  i8o°,  the  objeCt  E obferved  by  two  reflections  will  coincide 
with  G,  becaufe  BFirFD  and  BM  = MG  by  conftruCtion.  If 
then  two  given  objeCts  be  obferved  when  the  index  points  to  1 8o°, 
the  inclination  of  the  plane  refleCtors  to  the  plane  of  motion 
will  be  one  fourth  part  of  the  angle  fubtended  by  thefe  objeCts. 

Concerning  the  magnitude  of  the  arc  FB,  being  the  meafure  of 
the  angle  of  incidence  on  the  fixed  fpeculum,and  of  KF  = the  in- 
clination of  the  refleCtors  to  the  plane  of  motion,  it  will  appear, 
by  the  computations*,  that  the  fmaller  they  are  both  taken,  every 
thing  elfe  being  the  lame,  the  more  exaCt  will  be  the  refult  of 
the  obfervation ; but  both  are  limited  by  circumftances  which 

* Infra. 


(hould 
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Should  next  be  deforibed  ; thefe  will  be  more  obvious  it  an  out- 
line be  annexed,  reprefenting  this  particular  cafe  of  the  theory 
adapted  to  the  menfuration  of  fmall  angles  when  reduced  to 
praaice.  OAPC  (fig.  13.)  is  the  plane  of  motion,  C the 
moveable  fpeculum  carried  round  in  the  plane  of  motion  by 
the  radius  CP  ; a ray  coming  from  any  diftant  objea  T im- 
pinges on  the  fpeculum  C,  and  being  refleaed  in  the  direaion 
CB,  is  there  again  refleaed  in  the  dircaiou  BG,  parting  along 
the  axis  of  a telefcope.  A ray  coming  from  another  dirtant 
objea  S,  inclined  to  the  ray  TC  at  a fmall  angle  enters  the  telc- 
fcope  parallel  to  the  direaion  of  its  axis,  which  is  coincident  with  • 
BG,  and  confequcntly  the  images  of  the  two  objeas  S and  T will 
be  feen  to  coincide  in  the  middle  of  the  field  of  the  telefcope, 
the  angle  fubtended  by  them  being  BGT,  which  mull  be  deter- 
mined by  the  fubfequent  computations. 

17.  By  this  figure  (fig.  13.),  without  further  argument,  it 
is  plain,  that  the  magnitude  of  the  refleaing  fpeculum  C limits 
the  conftant  angle  of  incidence  on  B ; for  were  that  angle  = 0,  the 
lines  CB,  BG,  would  coincide,  by  which  means  the  ray  BG 
and  others  adjacent  to  it  would  be  intercepted  from  enter- 
ing the  telefcope.  The  magnitude  of  the  refleaing  plane  de- 
pends on  the  quantity  of  light  required ; if  a circle  of  about 
1.2  inches  diameter  be  l.ufficient,  and  the  perpendicular  dirtance 
of  the  refleaing  planes  be  made  equal  to  five  inches,  the  leart: 
angle  of  incidence,  confiftent  with  thefe  conditions,  will  be 
about  70.  It  i$  however  to  be  remembered,  that  the  magnitude 
of  the  refleaor's  fhould  be  adapted  to  the  aperture  of  the  tele- 
fcope ufed  in  the  obfervation.  As  the  area  of  the  fpeculum  in- 
creafes,  the  light  admitted  into  the  fame  telefcope  decreafes, 
and  thefe  areas  fhould  be  fo  proportioned  as  to  afford  equal  quan- 
tities of  light,  fo  that  the  objeas  feen  by  two  refkaions,  and 
by  direa  rays,  may  be  nearly  of  equal  brightness ; but  for  the 

^ fake 
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fake  of  conftruCting  an  example  to  this  theory,  the  magnitude 
of  the  reflecting  planes  and  the  angle  of  incidence  on  the  fixed 
fpeculum  B depending  on  it  may  be  affumed  of  the  value  men- 
tioned in  this  article. 

1 8.  The  magnitude  of  the  arc  KF,  or  of  the  inclination  of 
the  reflecting  planes  to  the  plane  of  motion  is  limited  by  the 
angles  which  the  obferved  objects  fubtend  (art.  16.).  Fig.  12. 
Becaufe  the  greateft  angle  obfervable  will  be  mealured  by  four 
times  the  arc  KF,  it  follows,  that  the  arc  KF  muft  not  be  lefs 
than  one  fourth  part  of  the  greateft  angle  intended  to  be  ob- 
ferved by  this  conftruCtion  ; if  the  inclination  denoted  by  the 
arc  KF  be  fixed  at  ior,  four  times  that  angle  being  40'  will  be 
greater  than  the  apparent  diameters  of.  the  fun  or  any  of  the 
planets. 

19.  It  remains  to  infer  from  the  preceding  conftruCtion  (fig. 
2),  the  aCtual  meafure  of  the  angle  fubtended  by  the  objects 
obferved.  This  muft  be  effected  by  computation,  which  will 
not  only  ferve  as  an  illu.ftrati.on  of  the  theory,  but  afford  means 
of  eftimating  and  comparing  the.  errors  in  the  angle  deduced* 
Qccafioned  by  the  unavoidable  errors  in  obfervation  and  practical 
conftruCtion an  examination  extremely  ufeful  in  aftronomical 
fubjeCts next  to  removing  errors  entirely  from  obfervations, 
which  is  fcarcely  to  be  hoped  for,  the  leflening,  circumfcribing, 
and  reducing  them  within  known  limits  is  an  objeCt  of  prinr 
cipal  confequence. 

20.  The  conftruCtion  of  fig.  2.  remaining,  through  the 
points  F and  I (fig.  14.)  draw  the  great  circle  FI.  BifeCt  FI  in 

and  through  the  points  K and  Q^draw  the  arc  KQ^,  which 
will  be  perpendicular  to  IF.  To  determine  by  computation  the 
arc  ED  which  meafures  the  angle  fubtended  by  the  obferved. 
ohjeCts,  three  fpherical  triangles,  KQF  or  KIF,  IFB,  and 
JDEkE,  muft  be  folved,  for  which  the  data  are  evidently  fufficient^ 

or 
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or  the  value  of  ED  may  be  obtained  from  the  Solution  of  two 
triangles  KQF  and  DFL,  with  the  proportion  demonftrated  in 


art.  9. 

21.  To  proceed  with  the  computation,  through  D draw 
the  arc  DL  perpendicular  to  FI,  and  let  the  line  of  QKF=^>, 
being  the  fine  of  half  the  arc  OP,  the  meafure  of  IKF  : put  the 
fine  of  KF  = r,  the  fine  of  DF  = w,  the  fine  of  DFK  = w,  ra- 
dius = 1.  In  the  right-angled  fpherical  triangle  KQF,  the  pro- 
perties of  fpherics  give  this  proportion  : as  radius  to  the  fine 
of  KF  lb  is  the  fine  of  QKF  to  fine  of  QF ; wherefore 
fin.  QF  = r^;  cof.  QF  — <y  1 — sxpl ; and  fin.  FI  (FI  being 
double  to  QF)  = 2 sf)x  1 - s'p *•  Moreover,  becaufe  as  rad. 
to  cof.  QK  fo  is  cof.  QF  to  cofi  KF,  we  have  cof.  KQ^=r 

— ; and  fin.  KQ  = J 0 . And  fince  as  rad. : fin.  QFK 

v/W? 

lb  is  fin.  KF  to  fin.  KQ ; this  proportion  gives  fin.  QFK  = 
— -1  ; and  becaufe  the  fine  of  the  angle  LFD  is  the  fine  of 


the  difference  (or  fum)  of  the  angles  QFK,  DFK,  of  which 

juft  found,  and  fin.  DFK  = * 


C - v/'-p1 


the  fines  are,  fin. QFK  = 

v/r= 7? 

by  the  data,  we  have  from  the  rules  of  trigonometry, 

fin.  * r>fl  - -v  '~p  * v'‘~7~qir 

^ 1 — i1/*1  * 

and  fince  in  the  right-angled  triangle  LDF,  as  rad.  : fin.  DF  ::  fin. 
. fin.  DL,  and  by  the  problem  fin.  DF  — tn  it  appears,  that 


* If  the  points  P and  QJie  on  different  * fide*  of  the  point  O as  they  are  reprr- 
fented  in  the  eonftrudion,  the  laft  term  will  be  affeded  with  the  lien  - • if  P 
and  Q.  be  on  the  fame  fide  of  O,  the  fign  of  the  laft  term  will  be  + It  mav  be 
here  oblened,  concerning  the  geometrical  conftrudion  (fig.  3.  and  3 ) tha<  when 
whTn  sw**  °n  d,ffcrcnt  fidc>  of  °’  the  angle  obferrea' ED  will  be  greater  than 
fceing  e j aBc  on  l^ie  ^mc  the  initial  point  (5,  the  arcs  OP,  Of, 

* Compart  fig  2. 

D 2 fin. 


2 2 


Mr.  Atwood’s  Theory  for  the  Menfuration 

fin.  DT . = x . 

2~2  > ‘1UU 


V 

1'n  rrr 1 — nt~ ~~ /;‘2^  ~ p2m~ 4~ -Z"1  s^2 ~ nzpzs ■ 2>?;e/> » x ^ i—pz  x ^ i x *>/ r~ *k 

' : : 

and  the  fquare  of  the  cofine  of  DL 


I — !Zf 


i — stpt — ttz  + nfn1  +pzmz  — 2pz7rhnz  + >ri1r?p>'sz±imz[>n  yW  \ — p1  x v'  i - r x vT 


i-sY 


The  fine  of  IF  was  fbewm  to  be  zsp  x v/ 1 — F/%  and  its 
fquare  — ■ r ^P"  x 1 — sf* : moreover,  it  was  demonftrated  in 
art.  9.  that'  as -rad.1  : col.  DL1  rf  lin.  IF1  : lin.  fED2  which 
gives,  by.  fubftituting  the-  values  of  col.  DL2  and  lin.  iF2,  and 
multiplying  the  col.  DL2  into  lin.  IF2,  lin.  |ED2  = 

4zpz  X I - zp2-m1-ym1n‘  + pzmz  -lpzmn  + 77izni1pz-±  2 mzp  n X ^ l -sz  X v'  1 -/  X ^ l -a* 

and  the  coline  of  l ED2  = 

■ 

l~YpZ  X i-szpz-mz  + 7nznz  + pzmz-2p1r/znzy- mznzszpz±:27n  pi}  X V i~s~  X Vi-/  X V” I-*4 

finally  the  coline  of  ED  is  therefore  = 

I-8f/  X \-hzpz-nzy  m-rz+pZ77z~2pZ77izny-7/iznz>zpz±277izpn  xy/\-sz  X 

22.  The  particular  cafes  inferred  from  the  geometrical  con- 
ftruCtion  may  be  compared  with  this  analytical  value  of  the  cofine 
of  ED,  or  of  the  angle  fubtended  by  the  obferved  objeCts.  If 
j = 1 and  n = 1 , by  fubftituting  i for  s and  n in  the  exprelfion 
juft  found,  we  (hall  have  the  cofine  of  ED  = i — + 8/>4,  which 

is  the  coline  of  an  arc  four  times  greater  than  that  of  which  the 
fine  = p.  This  anfwers  to  the  properties  of  hadley’s  inftrument, 
in  which KFor  the  inclination  of  the  reflecting  planes  totheplane 
of  motion  is  90°,  and  its  line  = 1 = s : moreover,  in  hadley  s 
inllrument,  the  fixed  plane  of  reflection  at  the  unmoved  fpecu- 
lum  is  parallel  to  the  plane  of  motion,  and  therefore  perpendi- 
cular to  any  fecondary  of  that  plane ; its  inclination  to  arty  fe- 

condary 
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condary  therefore  will  be  90  , and  the  fine  of  this  inclination 
— 1 — n by  the  problem.  And  lince  p is  the  fign  of  hall  the 
inclination  of  the  refle&ors,  the  angle  of  which  the  coline  i* 
1 - 8/>  + 8 p*  will  be  twice  the  inclination  of  the  reflecting  planes, 
which  is  a property  of  hadley’s  inftrument.  In  the  analytical 
value  of  the  coiine  of  ED,  the  laft  term  is  affe&ed  by  two  figns  ; 
thefe  depend  on  the  polition  of  the  fecondary  KP  and  the  in- 
terfe&ion  Q in  relpeft  of  the  point  O.  It  the  fecondary  KP 
<?r  the  index  CP  be  on  the  fame  fide  of  O with  the  interledion 
Q (tig.  2.),  the  lign  of  the  laft  term  is  negative  : if  CP  and 
O be  on  oppofite  tides  of  O,  the  lign  of  the  laft  term  will 
be  pofitive ; and  when  DFK  = <?  or  180,  the  whole  term 
vanilhes,  becaufe  in  that  cafe  n — o.  Alio,  it  tn  = o, 

j — 1 , or  if  t—  1,  the  laft  term  vanilhes.  When  m = s = , 

va 

KF=45°-  in  this  cafe,  if  n = 0 the  conftru&ion  will  be  that  de- 
le ribed  in  art.  15.  and  the  coiine  of  theobferved  angle  ED  will 
equal  1 — 2p\  the  other  terms,  vanilhing  : and  becaufe  1 — 2 p1  is 
the  cofine  of  an  arc  double  to  that  of  which  the  fine  = />,  it 
follows,  that  the  angle  obferved  will  be  equal  to  the  arc 
delcribed  by  the  index  from  0,  of  which  the  fine  of  one 
half  is  by  the  problem  = p.  In  every  cafe,  when  « = 0, 
that  is,  when  the  fixed  plane  of  refle&ion  at  the  unmoved  fpe- 
culum  coincides  with  the  primitive  fecondary  KO  (fig.  2.  and 
1 2.),  the  cofinc  of  ED  = 1 - 8 sxpx  x 1 — sxp%  — m''+p'mx. 

23.  The  line  of  ED  will  be  neceftary  (art.  27.)  to  afeertain 
the  variation  of  ED  from  the  truth  occasioned  by  errors  in 
the  data  ; to  obtain  fin.  ED  let 

+^V-a/«V  +/ni/iIjy±2m,«<  x Vs i-V  x x iTi* 

s . * 

~d:  then  (art.  21.)  from  the  value  of  col.  I ED*  we  have 
fin.  ED  = 4 sp  x \/ d * \/ 1 — 4 ^p*3.  When  s is  very  final!. 
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and  «=fl,  d~  \ —m+iiff  nearly,  which  gives 

lin.  ED  — \s p x yf  i — m'-  -\-t>Tp'  nearly. 

24.  The  coline  of  the  observed  angle  reprefented  by  ED 
(fig.  2.  and  14.)  in  the  conftrudtion,  being  computed  from  the 
four  given  quantities  />,  r,  w,  and  n , if  either  of  thefe  fhould 
deviate  from  its  true  value,  the  angle  deduced  will  be  erroneous : 
and  from  the  general  expreffion  for  the  cofine  of  ED,  an  efti- 
mation  of  this  error  will  be  obtained.  In  the  inveftigation, 
however,  it  mud:  be  obferved,  that  although  the  fmall  incre- 
ments or  decrements  of  arcs  or  fines  are  affumed  proportional  to 
the  fluxions  of  thefe  quantities,  which  is  ftridtly  true  only  in 
the  nafeent  flate  of  the  increments  or  decrements,  yet  when 
the  given  variations  are  in  a practical  fenfe  very  fmall,  the 
eflimation  of  correfponding  variations  will  be  in  general  fuffi- 
ciently  exafl  for  practical  purpofes. 

25.  Small  increments  and  decrements,  that  is,  fmall  varia- 
tions, being  aflumed  proportional  to  the  fluxions  of  arcs  and 
of  their  fines  and  cofines,  if  the  variation  of  the  fine  or  co- 
fine  of  any  given  arc  be  known,  the  cotemporary  variation 

of  the  arc  will  be  for  the  moft  part  inferred  from  the  following 

• • 

proportions:  as  fin.  : rad.  ::  — coi.  : arc;  and  as  cof.  : rad.  :; 

firh  : arc.  But  thefe  proportions  muft  be  ufed  under 
reflridlions  very  neceffary  to  be  inferted  in  this  place,  be- 
ing true  when  applied  to  the  intermediate  parts  of  the 
-quadrant  only  and  failing  at  the  extremities;  for  example, 
at  the  very  beginning  of  the  quadrant,  or  at  the  very  end 
-of  the  femi- circle,  the  variation  of  the  cofine  is  the  verfed  fine 
of -the  arcs  increment  or  decrement,  which  gives  the  proportion 

as  fin.  : 2 x rad.  ::  -cof.  : arc,  being  wholly  different  from  the 

‘former.:  in  like  manner,  at  the  very  extremity  of  the  qua- 
drant, 
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4rant,  the  increment  of  the  fine  becomes  the  verfed  fine 
of  the  arcs  laft  increment,  which  gives  this  proportion  : as 

• « 1 - * 

cofi  : 2 x rad.  ::  fin.  : arc.  And  fince  in  this  cafe  arc=:cofinc,. 

we  fhall  have, "arc  = 2.  y fin.  radius  being  =1.  In  the  other 

parts  of  die  quadrant  which  are  not  very  near  its  extremity*, 

arc=:  -^;  having  given,  therefore,  the  variation  of  the  fine 

or  cofine  of  any  arc,  the  fine  or  cofine  being  known,  the 

cotemporary  variation  of  the.  arc  itfelf  may  be  obtained,,  when 

it  is  either  at  the  very  extremities  of  the  quadrant;  or  at 

lomc  difiance  from  thofe  extremities.  The  difficulty  lies  irr 

afeertaining  in  what  part  of  the  quadrant  the  value  of  the 
• • 

arc  = ~~~  begin  to  fail,  and  the  value  exprefled  by 

arc  = n/  2 x fin.  or  — v 2 x cof.  to  take  place.  This  leads  to  ► 
a general  propofition  comprehending  both  thefe  values  for  the 
arc’s  variation,  extended  to  every  part  of  the  quadrant. 

The  propofition  is  this  : the  difference  of  the  cofines  is  to  • 
the  chord  of  the  difference  of  any  two  arcs,  as  the  fine  of  an 
arithmetical  mean  between  them  to  radius  ; and  the  difference  of 
the  fines  is  to  the  chord,  of  the  difference,  as  the.  cofine  of  the 
lame  arithmetical  mean  to  radius.  Let.AB,  AF  (fig.  .15.)  be 
the  given  arcs  ; BF  their  difference  ; BL,  FH,  the  fines  ; - CL, . 
CH,  the  cofines  of  the  arcs  AB,  AF,  refpe&ively  ; join  CA,  CB,' . 
CF,  and  FB ; FB  will  be  the  chord  of  the  difference  of  the  arcs 
AF,  AB.  Through  B draw  RG  parallel  to  CA  ; .then  HL  = BG 
will  be  the  difference  of  the  cofinesr  .and  FG«the  difference  of 
the  fines.  Bifedl  h B in  D,  fo  fhall  DA  be  an  arithmetical  mean:  - 
between  the  arcs  FA,  BA  ; join  DC,  which  will  irrterfett  FB  at. 
right  angles  in  E ; through  D and  E draw  DK,  El,  perpendicular 
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to  CA  : DK  will  be  the  fine,  and  CK  the  cofme  of  the  mean 
arithmetical  DA  : the  fimilar  triangles  CEI,  CDK,  FGB,  give 
the  following  proportions  : 

HL  or  GB  : FB  DK  : DC,  and 

GF  : FB  ::  CK  : DC,  which  was  the  propofition 
to  be  demonftrated  *. 

* When  FB  (fig.  15)  is  fo  fmall  in  comparifon  of  FA,  that  FG  fhall  be  eva- 
nefcent  in  comparifon  of  FH,  FH  and  BL  will  be  in  the  ratio  of  equality, 
and  confequently  the  ratio  FH  : FC  equal  to  the  ratio  BL  : BC,  or  to  the  ratio 
DK  : DC  ; for  this  reafon,  and  becaufe  it  has  been  proved,  that  as  HL  : FB  :: 
DK  : DC,  it  follows,  that  as  HL  : FB  ::  FH  or  BL  : BC,  that  is,  as  the  variation 
of  the  c'ofinc  is  to  cotemporary  variation  of  the  arc,  fo  is  the  fine  of  the  varying 
arc  to  radius  ; and,  for  fimilar  reafons,  as  the  variation  of  the  fine  is  to  the 
cotemporary  variation  of  the  arc,  fo  is  the  cofine  to  radius. 

If  BA  be  fo  diminifhed  that  FG  fhall  bear  a finite  proportion  to  FH,  and  too 
great  to  be  neglefted,  BL  will  not  be  either  to  FH  or  to  DK  in  a ratio  of  equa- 
lity : confequently,  FH  or  BL  mud  no  longer  be  fubftituted  for  DK  : as  BA 
becomes  lefs,  FB  being  ftill  fuppofed  evanefcent,  DK  approximates  to  the  fine 
of  |FB  to  which  it  is  ultimately  equal  when  B and  F arecoinciding  with  A (fig.16.). 
In  which  cafe  the  proportion  will  become  as  HL  or  HA  : FB  or  FA  ::  |FA  : to 
CA,  that  is,  as  the  verfed  fine  of  FA  is  to  the  arc  FA  fo  is  half  the  arc  FA  to  radius* 
cr  fo  is  the  arc  FA  to  diameter. 

The  propofitlons  which  have  been  demonftrated,  comprehend  the  variation 
of  the  arc  expreffed  in  terms  of  the  cotemporary  variation  of  the  fine  or  cofine 
in  every  part  of  the  quad'rant  without  limitation,  it  being  only  allowed  to  fub- 
ftitute  the  arc  FB  inftead  of  its  chord,  thefe  quantities  approximating  the 
more  nearly  to  equality  a3  FB  is  fmaller,  and  being  ultimately  equal  in  their  eva- 
nefcent Hate.  Moreover,  it  will  be  eafy  from  what  has  preceded  to  conftrud  a 
plane  right-lined  triangle,  which  fhall  be  fimilar  to  the  mixtilinear  triangle  con- 
tained under  an  arc,  its  fine  and  verfed  fine  when  they  are  diminifhed  fine  limite. 
Det  FA  (fig.  16.)  be  any  arc,  FA  the  chord,  FH  the  fine,  CH  the  cofine  of  the 
arc  FA.  Bifeft  FA  in  D,  join  CD,  and  draw  the  right  fine  DK : then  will  the 
plane  right-lined  triangle  KDC  continually  approximate  to  fimilarity  with  the 
mixtilinear  triangle  FDAII  as  FA  becomes  fmaller,  and  the  two  triangles  will  be 
ultimately  fimilar  when  FA  is  va«ifhing. 
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From  thefe  geometrical  proportions,  having  given  any  ate  ami 
the  variation  of  its  fine  or  cofine,  the  cotemporary  variation  of 
the  arc  may  be  eftimated  by  computation  in  general  for  any 
part  of  the  quadrant.  Let  the  fine  of  any  arc  be  s , the 
cofine  -c,  the  chord  of  the  arc’s  variation  = *,  the  given  varia- 
tion of  the  cofuie  = d,  or  the  given  variation  of  the  line  = l\ 
radius  = 1 ; then  if  the  cofine  of  the  arc  increafes  by  the  de- 
ference d , the  chord  of  the  cotemporary  decreafe  of  the  arc,  or 

_ X = \f  2 sl-  zdc  V 2/  - 2 dc  - 4 d' 
and  if  the  fine  of  the  given  arc  increafes  by  the  difference  b 

+ v = \f  ic  - 2 bs  =p  sj zcl  - 2 ~bs~  - 4 b\ 
which  are  the  mathematically  true  values  ot  the  chord  hB, 
and  will  approximate  to  the  magnitude  of  the  arc  FB  as  that 
arc  is  continually  diminilhed.  T.  he  following  expreflions  for 
the  chord  of  the  variation  * are  more  compendious,  and  will 
be  furticiently  near  the  truth  when  FB  is  very  fmall. 

f? — Td 

~x  = 7-\Ij-7 

C f 1 7b 

+ -7* 

In  thefe  four  expreflions  it  muff:  be  obferved,  that  the  line  and 
cofine  are  luppofed  to  vary  by  increase : ffiould  the  variation 
be  a decrement,  the  fign  of  x and  of  b or  d muff  be  changed. 

26.  Let  the  quantities  p , r,  m , «,  vary  by  fmall  in- 
crements />,  s,  v //,  refpe&ively,  then  to  obtain  the  cotempo- 
rary variation  of  cof.  ED,  becaufe  (art.  21.) 

Col.  ED  = 1 - 8 s' p'  x i — T p'  —ni  +m*n'  -\-m~ p~  — 2 p1  m'n  4- 
rti'n  s'p1  =*=.  zin  np 

by  taking  the  tluxion  of  the  equation  we  have 

E 


Cof. 
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Col.  CD  = - 1 6 s'  pp  X i 2 s1  p:  m*  + n 2 m + 2 »/2p2  - 4.  nz pz  + 2 , 2 ,„a 


«/>x  V1 1 — x v"  1 - j2  x 3 — 


4/* 


- ^ 


- 16  fts  X I - a iV  — »^  + »''w* +>*»*-  2^* «*»*+!>*«* ft*/ 


'up  X V/  1 — m X v'  1 —p 

^77 


f/  X 2 — 3 .2 


+ 16 ffmmY.  i-n1-p*+rfn-fp1nz+zpn'K  ^ 1-1  f%  ^ i-rX  v/  x_p2 


+ 1 6s1p2m‘n  X — « + lpz n — J2p2« : 


^ l — s1  X v'  1 — /<2  X p X 1 — 


2W 


A-«2 


27.  This  value  of  cof.  ED  is  exprefled  in  terms  of  the  va- 
riation of  the  fines  of  the  given  quantities  : if  it  be  necefl'aiy 
to  exprefs  cof.  ED  in  terms  of  the  variation  of  the  arcs  them- 
felves,  it  mull  firft  be  confidered  to  what  part  of  the  quadrant 
they  belong  : for  example,  if  s be  a fine  of  an  arc  b not  very 
near  the  extremity  of  the  quadrant,  and  the  variation  be  s , the 


cotemporary  variation  of  the  arc  b will  be  -—4:—  ; but  if  the 

variable  arc  be  nearly  = 90°,  and  becomes  exactly  equal  to  it 
ultimately  having  varied  by  a fmall  arc  b of  which  the  verfed 

• • • M ■ 

fine-v;  then  will  -s  = the  verfed  fine  of  b and  -b^vzv. 
Lafily,  if  the  variable  angle  approximates  to  90°,  but  is  not 

equal  to  it,  and  the  variation  of  its  fine  fhould  be  = r,  the  cor 
temporary  variation  of  the  arc  mull  be  obtained  from  the 
general  theorem  in  art  2-5.  When  either  of  the  two  lat- 
ter cafes  happen,  the  variation  of  the  arc  mull  be 
determined  for  each  particular  cafe ; but  it  will  be  ne.ceflaiy 
to  give  a general  expreflion  for  col.  ED  in  terms  of  the  varia- 
tions of  the  given  arcs,  of  which  p,  s , w,  n , are  the  refpe<fiive 
fines  when  thefe  arcs  are  at  fome  difiance  from  90° ; this  is 
contained  in  the  next  article. 


28.  Let 
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28.  Let  the  angle  QK  F = a (fig.  1 4.) ; thearcKF  = £;  thearc 

DF  = r,  and  the  angle  DFK  = </;  their  refpe&ive  increments 

being  a,  b,  c , and  d\  their  fines  />,  j,  m,  and  //,  and  the  co- 

• • • • 

temporary  increments  of  their  fines  />,  r,  w,  and  n : from  the 

• • . ■ 

proportion  contained  in  art.  24.  we  lhall  have  p-axV  1 -/>  , 
s = b x \/ 1 - s1,  ut  — cx  s/ 1 — m1y  and  n = ci  x 1 - n\  which 
being  fubfiituted  in  the  value  of  col.  ED  laft  found  will  give 


(Jol.  tU=  — l6i*X^ l-p1  xpaxi-  id^-rn1  + r.zm  + 2mlp*-±itt 'n*jf  + 

mnPx  * 1 — j*  x ^ 1 — ft*  x 3 — 4/^ 

1—P1 


— I Gp1  X ^ l — i1  X l b X 1 — 2i  pr  - nr  + »*/**  + p*  m'  — 2p*m*n*  + 2iimnipl 

m'np  x v'  1 — /»*  X V'  l — p1  X 2 - 311 

* ✓r-,- 

+ i6j*/  X V'l-W?mcXl-*t-p'+ip'>f-Jtp'B*zp2pn  x^i-n  x^H'x^iy 

, . , , / — r*  *,  1 * * p x 1 -t*  x * i -p1  x x - 2n* 

+ 16 s'p  m x v 1 - n xdx  —n+2p  n-i  p n+- y — _ * 

V 1 — n 

This  quantity  (art.  23.)  being  divided  by  the  fine  of  the  ob- 
ferved  angle,  the  variation  of  that  angle  or  ED  will  be  the 
quotient. 

29.  In  the  exprdfion  for  col.  ED  contained  in  art.  26.  the 
• ••  • • • • « 
variations  p , s,  ///,  and  «,  are  arbitrary,  as  are  a , by  c , and  d, 

in  the  lafi:  article.  If  a condition  be  annexed  to  the  variation 

of  any  of  them,  two  or  more  mav  become  dependant  on  each 

other ; and  their  relation  mull:  be  determined  by  the  nature  of 

the  cale.  Moreover,  if  one  or  more  of  the  given  arcs  and 

their  fines  lhould  be  correct,  the  variations  corrcfponding  and 

all  the  terms  multiplied  into  them  will  vanifh.  To  give  an 

example  ot  the  ule  ot  thefe  expreflions  before  thev  are  applied 

to  the  immediate  purpofe  of  examining  the  new  conftrw&ions 

E 2 deferibed 
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defcribed  in  art.  1 5.  and  1 6.  let  it  be  required  to  afllgn  what  error 
is  occasioned  in  observing  a given  angle  with  a hadley’s  fe&ant, 
in  which  the  telefcope  is  parallel  to  the  plane  of  motion,  but 
the  two  reflectors  deviate  from  their  perpendicular  to  that  plane 

by  a Small  angle  b.  Suppofe  the  error  of  half  the  arc  pointed 
to  by  the  index  to  be  a , and  confequently  the  error  of  the  fine 

of  half  that  * arc  =0/1-^=/:  in  this  cafe,  becaufe  the 
inclination  of  the  reflectors  to  the  plane  of  motion  is  nearly 
— 90%  the  variation  of  the  fine  will  be  equal  to  the  verfed  fine  of 

the  final  1 arc  b,  by  which  the  inclination  deviates  from  90° ; let 

v be  the  verfed  fine  of  b,  then  will  -s  = v (s  varying  by  a de- 
crement of  v).  Moreover,  becaufe  a condition  is  annexed,  which 
is,  that  the  line  of  obfervation  is  parallel  to  the  plane  of  mo* 


Tion,  the  variations  s,  m,  and  n,  will  be  dependent  on  each 

other.  To  inveftigate  their  relation  let  FO  = b (fig.  7.)  be  the 
fmall  arc  which  meafures  the  deviation  of  the  refleCtors  from 
the  perpendicular  to  the  plane  of  motion- r then,  becaufe  fin. 
DO  = in,  and  fin.  DOF  — n = 1 by  the  problem,  when  F from 
having  been  coincident  with  O has  moved  through  the  arc  OF, 

it  is  plain,  that  n = fin.  DFO  - fin.  DOF=  (n  being  a decre- 
ment) 5 but,  by  the  + properties  of  fpherics,  cof.  DFO  = 

v ™ x cof.  DF  v'  2v  x ^ 1 - . anci  po  being  very  fmall,  the 
inTOF  m 


* p here,  as  in  the  general  folution,  denotes  the  fine  of  half  the  arc  to  which 
the  index  on  the  plane  of  motion  is  directed,  that  is,  p = the  fine  of  one-fourth 

of  the  angle  obferved  in  Mr.  hadley’s  conftru&ion. 

f Fig  7.  as  rad.  : cotang. DF  ::  tang.  FO  : cof.  DFO,  that  is,  FO  being  very 

fmall,  and  therefore  FO*  = a X verfed  fine  of  FO,  as  raj.  , colang.  DF  ::  Vav:  cof. 

DFO  : by  the  problem  fin.  DF  = m,  and  cof.  DFjr*'.  -»%  'therefore  cor.  DF_ 

.■ 1 ./ — \ —mz 

Vi-m  ^ which  gives  cof.  DFO  _ Y zv  X ■■  — • 


m 


m 


fine 


3l 


cj  the  -dns  ’c  fubtcndcd  by  T'ido  Objects , t^c. 
fine  of  DFO  = i _ EZ,  from  which  i = fin . DOF  being  fub- 

traced  leaves  orbecaufe  r = ~ v , «=  -+'XJ*  “* 

Moreover,  the* quantity  in  the  nafeent  ftate  ot  i - s and 

_ m»  . and  J1  “»*  - ” Making  therefore  in  the 

^ i — jn*  * l — n~  Vi_m‘ 

general  expreflion  contained  in  art.  26. 


— B X 1 — >"  _ 


= n,  — v = s. 


a*s/i-t'  = h = we 


(hall  have 


Lol.LD  =-i6fiaX*' l-j>lX 1-2/*'+  i^>P*v  x 1 “ 2p  -\-p1m  :pmpXy/ i-m  x ^i-p 
4.  16/e/X  !-/>*-/»»  + mYrpmpX  V X ^'l  -/  = - l6/>a  X >/7^fXl-2pl  + 

16 pz  v x 2 - 3/>*  - wi*  + 2p1tnz=^imp  x \/ 1 - m'  x y/ 1 - p' : and 
becaufe  the  fine  of  the  obferved  angle  is  4/  x s/i  -/  x 1 - 2p'y 

the  error  of  the  obfervation  itfelf,  that  is, 

. - — ■ , , 

^ \-px . 

LD  — 4^  — V'  1 — /x 

In  this  example  the  pofition  of  the  telefcope  has  been  fup- 
pofed  exactly  in  the  plane  of  motion ; fhould  it  be  in- 
clined to  that  plane  at  a lmall  angle,  of  which  the  verfed 
fine  = v , the  pofition  of  the  reflectors  and  the  arc  pointed  to 

by  the  index  being  correCt,  the  general  value  of  col.  ED  will 


give  the  error  of  the  obfervation,  or  ED  = — +• 


30.  To 


* The  nafeent  val\ie  of 


1 — n _ 


»—<*  — ns  . ' _~v  x l-m  +<xi-m 

~ but  n~ — : 

_ tn  m 


inn 


I — J*  77J* 

wherefore  ; = when  s and  n are  nearly  — 1. 


4 Wheu  she  pofition  of  the  telefcope  only  is  erroneous,  the  points  F and  O 

coincide 


* V . 
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30.  To  examine  in  what  degree  an  obfervation  taken  by  the 
new  conftru&ion  defcribed  in  art.  15.  is  affedted  by  known 
errors  in  the  given  quantities,  let  the  refledtors  B and  C deviate 
by  excefs  from  their  true  angle  of  inclination  to  the  plane  of  mo- 
tion by  a fmall  angle  + b : let  the  angle  of  incidence  on  the 
fixed  fpeculum  be  too  great  by  the  increment  c : let  the  fixed 
plane  of  refledlion  deviate  from  the  fecondary  KO  with  which 
it  fhould  coincide  by  a fmall  angle  d ; and  laftly,  let  the  error 
of  the  arc  pointed  to  by  the  index  be  = 2 a;  then  thefe  variations 
are  arbitrary,  no  condition  being  annexed.  Moreover,  by  the 

conftrudtion  m — s = -M,  and  n = o,  which  values  being  fub- 

v 2 

ftituted  in  the  general  expreffion  contained  in  art.  28.  we 
fhall  have. 

• ______  __  _ 

Cof.EDz:  - 4 ap  yM  i —p1—4ptbx  1 -pz  + 4/>2rX  l^pz=F2 ^ I -f  i 

and  becaufe  the  fine  of  the  angle  meafured  = 2p  x V \ - p\ 

the  error  of  the  obfervation  required,  or 

coincide  (fig.  7.)  let  the  inclination  of  the  telefcope  to  the  plane  of  motion  with 
which  it  fhould  coincide,  be  meafured  by  the  fmall  arc  D d-,  then  the  correfponding 
variation  of  the  angle  DOK  will  be  DO d.  Let  D d=e,  and  its  verfed  fine  = v ; 

fince  the  fine  of  DO  ~m,  and  the  fine  of  DOKri  ~n  by  the  problem,  n — the 

e ez  v 

verfed  fine  of  DO</;  but  DO^fz:— , and  the  verfed  fine  of  D Od  - 


rj  • • 

wherefore  » = — 5-.  This  being  premifed,  it  appears  from  art.  26.  when  p,  and  r, 
m 

* ■ . - , j.  • ; — 7i  i,2  ~~  . y/ 1 sz  i — r,2X i X i 2 n~ 

are  = c,  that  cof.  ED  = + 1 6tym%aX-n 4-  tp  n-s  p »,= t --r==t 

v I — nz 

+ , 6 x . - ^ < Y »■  » r » x ^ ” x l/ 1 " x ^ 

in  which  quantity,  fubffltuting  , for  . for and  for  i,  we  Hull  have 
cof.  ED  = + 1 X 1 -p1,  which  being  divided  by  the  tine  of  the  ohfetted 
angle  =.4p  X ✓ t -/  x .the  quotient  will  be  tile  variation  of  that  angle  or  ED  = 
w-  \vt  x V 1 ~~PZ 
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115=  2 a+2pb  xs/i  -pl  - 2pc  x s/ 1 - p'^y/ip  d. 

It  appears  from  the  firft  term  2 ay  that  an  error  in  the  arc 
pointed  to  by  the  index,  caufes  an  equal  error  in  the  obferved 
angle ; whereas  a double  error  is  cauled  by  it  in  hadley’s 
fextant,  which  gives  the  new  conftru£Hon  confiderable  advan- 
tages : to  counter-balance  thefe  the  errors  in  hadley’s  conftruc- 
tion,  caufed  by  a wrong  polition  of  the  reflc&ing  planes,  &c.  are 
almofl:  evanefeent ; whereas  the  three  laft  terms  in  the  value  of 

EI3  juft  found,  may  become  conndcrable,  unlefs  great  care  be 
taken  in  making  the  adjuftments  : the  reparation  alfo  of  the 
images,  when  in  contact,  caufed  by  any  unfteadinefs  of  the  in- 
ftrument  will  be  greater  than  in  Mr.  hadley’s  conftru&ion  * ; 

but 

• 

* The  variation  of  the  obferved  angle  ED  will  fhew  how  much  the  images  feen 

in  contad  in  the  field  of  the  telefcope  will  appear  to  divaricate  on  any  motion  of 

the  entire  conftrudion.  For  example,  while  the  images  of  the  obferved  objects 

are  coincident  in  the  field  of  the  telefcope,  fuppofe  that  Mr.  hadley’s  inflrument 

were  turned  round  in  its  own  plane  through  a fmall  angle  : here  r,  »,  and  p , not 

• • • 

being  afFeded  by  this  motion,  it  follows,  that  j,  n,  and  p — o,  mrzrthe  fine  of  the 
angle  of  incidence  on  the  fixed  fpeculum,  being  the  only  quantity  which  fuffers 

alteration  : let  its  variation  zz  m,  which  will  give  from  art.  26.  the  correfponding 
variation  in  the  cofine  of  the  obferved  angle,  or 

Col.  EDr  + 16 s'p'mm  X 1 -nx-pz  + 2pi/iz-s1p1n2  q:  2pnX  i-nz  X J i-i  x 1 -p~ 
—o,  beesrufe  azrr=i.  Wherefore  any  motion  of  the  images  in  the  plane  of 
the  inilrument  will  not  caufe  the  leafi  feparation  of  them.  Now  fuppofe  the  whole 
to  be  turned  on'an  axis  fituated  in  the  plane  of  motion,  and  pcrpendicul;u'  to  the 
telefcope’s  axis : if  the  angular  motion  he  meafured  by  an  arc  of  which  the  verfed. 

fine  —V,  the  points  in  contad  will  be  fcparated  through  an  angle  — 1 [L  * 

. . . 1 ~ 
p being  the  fine  of  one  quarter  of  the  angle  obferved  ; but  the  quantity  v being 

very  fmall,  when  the  angular  motion  does  not  exceed  30’,  the  divarication  of  the 

images  will  be  inconfiderable.  All  oblique  motions  of  the  telefcopc’s  axis,  and 

«oidi;<jUent!y  ol  the  image  feen  by  dired  rays,  may  be  rclolvcd  into  thole  that 

have 
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but  in  meafuring  the  (mailer  angles,  this  reparation  of  the 
images,  as  well  as  the  errors  exprefled  by  the  three  lad:  terms 
will  be  greatly  diminifhed  while  that  which  is  denoted  by  2 <j  con- 
tained in  the  firft  term  is  not  increafed.  On  the  whole,  from 
the  properties  which  have  been  demonftrated  to  belong  to  this 
conftru&ion  defcribed  in  art.  15.  it  may  feem  worthy  of  atten- 
tion in  practice,  for  lome  agronomical  as  well  as  other  ufes. 

3 1.  By  the  fame  way  of  examination  it  may  be  judged,  whether 
the  method  of  obferving  by  two  reflections  from  plane  (urfacesbe 
applicable  to  the  menfu ration  of  fmall  angles,  according  to  the 
conftru&ion  defcribed  in  art.  16.  Let  the  errors  of  the  four  given 
quantities  (as  in  the  lad:  article)  be  2 a = the  error  of  the  arc 

have  been  confidered,  which  are  perpendicular  to  each  other : and  from  hence  the 
reafon  appears,  why  the  motion  of  a fhip  at  fea  does  not  much  difturb  the  obfer- 
vation  of  angles  by  Mr.  hadley’s  inftrument. 

The  new  conftruttion  defcribed  in  art.  15.  is  not  fo  well  adapted  for  obfervation 
where  it  cannot  be  fteadily  fixed.  When  the  images  are  in  contact,  if  the  inftru- 
ment be  turned  in  its  own  plane  through  a fmall  angle  c"  the  feparation  of  the 
images  will  be  — ie"pT  (becaufe  d"-=^le'\  vid.  p.  4^.)  p fignifying  the  fine 
of  half  the  obferved  angle  : this  it  is  evident  will  moil  afteft  the  obfervation  of 
the  larger  angles;  but  in  meafuring  thofe  that  are  fmall,  the  divarication  will  be- 
come inconfiderable.  Moreover,  if  the  angular  motion  of  the  inftrument  be  e , 
when  it  turns  round  an  axis  in  the  plane  of  motion,  and  perpendicular  to  the  tele- 

fcope’s  axis,  the  feparation  of  the  images  will  be  = ?e"pX  ^ -/>*>  P-  which 
it  is  plain  will  mod  dillurb  the  obfervations  of  angles  about  90°,  but  will  fcarcely  alter 
the  contaft  of  the  images,  when  the  angles  meaftured  are  very  fmall,  or  near  180  . 

The  obit'&s  obferved  and  their  images  are  here  underftood  to  be  phyfical 
points : thus,  when  the  two  images  of  the  fun  are  feen  by  drre&  and  reflected 
rays,  and  the  limbs  appear  precifely  in  contact,  if  by  any  motion  of  the  inftru- 
ment thecontaft  is  difturbed,  the  points  which  before  touched,  being  the  obferved 
objects,  are  faid  to  be  feparated,  whether  the  centres  of  the  folar  images  approach 
or  recede  from  each  other,  the  feparation  being  eftimated  in  the  direction  of 
an  arc  which  palTes  through  the  centers  of  the  two  folar  images. 

Experience  mull  determine  in  what  degree  this  feparation  of  the  images  will 
Jifturb  obfervations  taken  at  fea  with  the  new  conftrudlion.  . 
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pointed  to  by  the  index  ; b — the  error  of  the  inclination  of  the 
reflectors  to  the  plane  of  motion  ; c = the  error  in  the  angle  of  inci- 
dence on  the  fixed  Ipeculum;  and  */*=  the  inclination  of  the  fixed 
plane  of  reflection  to  the  primitive  fecondary  with  which  it 

ihould  coincide.  Referring  to  the  general  value  of  col.  ED, 
(art.  28.)  and  making  n — o we  fhall  have 

CoiIED=  -i6x/ 1 -p'pfi.  x 1 -2*px^nS  + 2 ml/7- 1 bp'il x ^ 1— j*  x 1 -jp2,1-,,*  + r/ly 

+ I bl'p'im  x V'  I _ mL  x 1-p1*:  I bm'pl'll  x ✓ 7^7*  x ^~p', 

and  becaul'e  s being  very  fmall,  the  fine  of  ED  (art  2 3.)  ap- 
proximates to  4 ip  x y/T-m'  +p'm\  the  error  of  the  obferva- 

tion  itfelf,  or  ED  = 4i<  > x ±5™. 

^ T-m'+pW 

4-  X y/  i - j1  x i — Ip'i'—n.'  + n.'p1 
v'  i - m'+'p'm* 

_ 4Jpm<  X ^ l - nr  x 1^7* 
k ^ l — m‘  p'm1 

±.  4 n'p'id X v^l  - / x v'  i _£• 

The  firft  term  of  this  expreflion  gives  the  relation  be- 
tween any  fmall  variation  in  the  arc  pointed  to  by  the  inde* 
and  the  corresponding  alteration  in  the  angle  obferved  ; if 
therefore  the  variation  on  the  divided  arc  be  any  fmall  angle 

=7  2*’  + or  ~ the  term  will  exprefs  the  variation  bv  which 
the  obferved  angle  is  increafed  or  diminilhed.  According  to  the 
magnitude  of  m and  s affumed  for  this  conftru&ion  m being  the 
me  of  7 , and  s = the  fine  of  io',  it  appears,  that  at  the  very 
beginning  of  the  fcale  one  fecond  of  a degree  in  the  angle  ob- 
served correfponds  to  Somewhat  lefs  than  three  minutes  on  the 
divided  arc  OP;  that  is,  when  fa-  about  1 73",  EE>=i", 

c>  K and  d,  not  being  here  confidered.  When  p=\  the  in- 
dex then  pointing  to  6o°,  one  Second  in  the  obferved  angle  cor- 

^ refpods 
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refponds  to  about  199"  in  the  divided  arc  OP  : when  p is  nearly 
= 1 , the  index  being  then  directed  to  almoft  1 8o°,  it  muft  defcribe 
above  2 degrees  to  make  an  alteration  of  1"  in  the  obferved  angle. 
The  fecond  term  exprefles  the  variation  in  the  obfervation  oc~ 
calioned  by  an  error  b in  adj.ufting  the  inclination  of  the  re- 
flecting planes  to  the  plane  of  motion  ; but  b (art.  18.)  cannot 
exceed  l of  the  leafl:  angle  viflble  in  the  telelcope,  confe- 
quently  the  utmoft  value  of  the  fecond  term  cannot  be  fo  great 
as  that  leafl:  angle,  being  at  its  limit  when  />=  ::  it  is  mani- 
fefl:  when  p is  fmall,  that  the  fecond  term  is  fo  much  dimi- 
nifhed,  as  to  be  in  a phyfical  fenfe  evanefcent..  The  fame  may. 
be  faid  of  the  fourth  term,  containing  the  error  of  the  optical- 
adjufhment  d,  which  befides  is  multiplied  into  s the  fine 
of  1 o'.  The  third  term  is  occafioned  by  the . error  c,  for 
which,  confiderable  latitude  muft  be  allowed,  fuppofe  f : 
to  eflimate  the  effeCt  of  this  error  ©a  the  obfervation,. 
let  a cafe  be  affumed : let  the  index  be  directed  to  90° 
when  an  obfervation  is  taken  for  determining  the  angle  lub- 
tended  between  two.  objects  : then  will  p = -K  ; by  fubfti- 

v 2 

luting  for  the  fine  of  70  for  w,  the  fine  of  t.o'  for  r, 

and  180"  for  c in  the  third  term,  we  fhall  have,  by  com- 
putation, the  value  of  that  term,  or  the  error  in  the  obfer- 
vation occafioned  by  this  deviation  of  the  angle  of  inci- 
dence from  its  true  magnitude  =/ 090  not  the  tenth  part 
of  a fecond.  This  is  rather  an  unfavourable  cafe,  the  variation 
being  not  much  lefs  than  at  its  maximum  when  p = — - : if is 

fmall,  or  nearly  =1,  the  * variation  will  be  wholly  infenfible. 

o 'y 

D2' 

* The  variation  is  a maximum  vhen^zz  the  fine  of  350  12' ; and  confequentiy 

the  arc  pointed  to  by  the  index zz  70°  24'.  Subftituting  therefore  the  fine  of  35  12 

for 
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32.  From  contemplating  the  value  of  the  error  = ED, 
as  exprefl'ed  by  the  four  terms  juft  referred  to,  fome  further  ob- 
servations are  1'uggeftecL  It  appears,  that  Setting  afide  the  error 
of  the  Scale  expreffed  by  the  firft  term  (the  angles  meafured  be- 
ing here  fuppofed  lefs  than  22  56"  33  ")  all  the  others  become 
Smaller  as  the  quantity  p,  and  consequently  the  angle  meaSured 
is  dimini (hed,  p being  multiplied  into  each  of  the  three  laft 
terms.  This  is  a material  circumftance  : for  the  fame  given  error 
would  alfe£t  the  menfuration  of  the  Smaller  angles  in  a greater 
proportion  than  the  larger.  Moreover,  if  p=  1,  or  approxi- 
mates to  that  quantity,  the  index  then  pointing  to  an  angle 
nearly  = to  1 80  , the  firft  term  and  the  two  laft  terms  become 
almoft  evanelcent,  not  only  from  the  circumftances  that  have 
been  confidered,  but  from  the  quantities  1 — p\  \/i  -/>*,  which 
are  multiplied  into  them.  This  alio  the  obferver  may  avail 
himfelf  of:  for  fuppoiing  he  fhould  know,  that  the  angle  of  in- 
cidence on  the  fixed  Speculum,  and  the  fixed  plane  of  reflexion, 
are  imperfe&ly  adjufted,  and  even  that  the  divided  arc  is  incor- 
re<ft,  he  may  almoft  wholly  avoid  the  errors  which  they  would 
occafion,  by  lo  adjufting  the  inclination  of  the  refletftors 
to  the  plane  of  motion,  in  refpedt  of  the  angle  meaSured,  that 

for  p in  the  third  term,  (p.  429.)  every  thing  elfe  remaining,  the  maximum  of 
variation  in  the  obferved  angle  on  account  of  3' difference  in  the  angle  of  inci- 
dence on  the  fixed  fpeculittn  will  appear  to  be  = ".09S. 

The  error  of  an  observation  occafioucd  by  a variation  r in  the  angle  of  inci- 
dence on  the  fixed  Speculum,  can  never  exceed  the  TT*1T  part  of  c,  w hich  is  the 
maximum  of  error,  the  angle  meafured  being  = 22'  56"  33'",  the  index 

then  pointing  to  70"  24'.  The  error,  caufed  by  a fmall  angle  d , at  which 
the  fixed  plane  of  reflexion  n inclined  to  the  primitive  fecondary  with  which  it 
ftould  coincide,  cannot  exceed  the  paFt  of  d,  which  is  its  maximum 

•*cn  the  angle  meafured  is  32’  33"  3'",  the  index  then  being  directed  to  109°  20'. 

F 2 the 
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the  index  fhall  point  to  fome  degree  near  to  180°,  which  is 
done  by  making  that  inclination  very  little  more  than  one- 
fourth  of  the  angle  to  be  obferved. 

33.  The  tables  1.  and  11.  are  calculated  for  taking  the 
diameters  of  the  fun  and  planets  : the  conftru&ion  being  formed 
on  the  pripciples  which  have  been  explained  (art.  16.  17.  18". 
31.  32.  fig.  12.  13.).  The  fixed  plane  of  reflection  is  coinci- 
dent with  the  primitive  fecondary,  and  confequently  n = o : 
the  common  inclination  of  the  refleClors  to  the  plane  of  mo- 
tion = 10' ; and  the  conftant  angle  of  incidence  on  the  fixed 
fjpeculum  = 70. 


table  1. 


Arc 

pointed  tc 
by  the 
index. 

Obferved 

angle. 

Diff. 

1° 

/ //  /// 
O 20  47 

1/  HI 

20  47 

2° 

0 41  34 

20  47 

3° 

i 221 

20  47 

4° 

1 23  8 

20  46 

5* 

1 43  54 

20  46 

6° 

2 4 4° 

20  45 

7° 

2 25  2 5 

20  45 

8° 

2 46  10 

20  44 

9° 

3 6 54 

20  43 

IO° 

3 27  37 

T 

**  » 

A 

B L 

E 

ri. 

Arc 

pointed  to 
by  the 
index. 

Ublervcd 

angle. 

Diff. 

IOO° 

3° 

II 

S2 

III 

51 

11 

III 

28 

IOI° 

3° 

46 

J9 

13  20 

3° 

59 

39 

13 

12 

IO30 

31 

1 2 

51 

*3 

104° 

31 

25 

54 

3 

12  54 

0 . 

W) 

0 

3 1 

38 

48 

12 

46 

1060 

3i 

51 

34 

12 

37 

O 

cT 

M 

32 

4 

12 

28 

1080 

3 2 

16 

39 

12 

19 

32 

28 

58 

109° 

12 

1 1 

1 10 

31 

41 

9 
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The  divarication  of  the  images  while  they  traverfe  the  field 
of  the  telefcope  during  the  time  of  an  obfervation,  and  the 
errors  of  the  obferved  angle  in  confequence  of  any  change  in 
the  quantities  m * and  n (p.  429  ) Ihould  they  appear  to  be  of 
fenlible  magnitude,  may  be  diminifhed  until  they  are  in 
phyfical  fenfe  evaneicent,  by  altering  the  values  of  s and  m 
(art.  31.)  : for  this  purpofe  it  will  be  requifite  to  ufe  two  fe- 
parate  conll ruXions ; the  one  for  obferving  very  lmall  angles, 
thofe,  for  example,  which  do  not  exceed  2'  : and  the  other, 
for  meafuring  fuch  angles  as  are  lubteuded  by  the  fun  and  moon. 
In  the  former  of  thefe  s may  be  afl’umeil  = the  fine  of  3c/', 
m — fin.  70,  and  n — o.  From  thefe  data  tab.  nr.  is  calcu- 
lated. In  the  other  conftruXion,  becaufe  very  fmall  refleXing 
iurfaces  are  neceflary  to  oblerve  die  fun  by  two  reflexions  (art. 
17.)  m may  be  aflumed  = fin.  T,  s being  = fin.  10',  and 
n — o : from  which  conditions  the  fourth  table  is  calculated. 
Thefe  tables  may  be  ealily  extended,  by  calculating  from  the 
value  of  cof.  ED  or  fin.  4 ED*  contained  in  art.  21.  or  22. 

* Let  the  telefcope  with. the  entire  conftrjdtion  be  fieadily  fixed:  then  if  the 
ohjeds  obferved  be  in  contad  while  the  touching  points  occupy  the  center  of  the 
field,  the  angle  of  incidence  on  the  fixed  fpeculum  will  be  of  its  true  magnitude; 
that  is,  its  fine  or  m will  - fin.  f in  tables  I.  II.  aud  III.;  and  m = fin.  i°  in 
table  IV.  The  fixed  plane  of  refledion  alfo  will  be  coincident  with  the  primitive 
freondary  in  all  the  conftrudions  corrcfponding  to  tables  I.  II.  III.  and  IV.  The 
telefcope  continuing  unmoved,  the  diurnal  motion  of  the  heavens  will  caufe  the 
points  in  contad  to  leave  the  center  of  the  field  ; this  willoccafion  no  alteration  in 
the  quantities  r and  p,  but  will  a ffed  m and  n only:  therefore,  s and  p - Q.  To 
efumate  the  effects  of  this  change  in  the  values  of  m and  nt  let  m~c  x Vi  — n,z 

and  n-dx  i-»*,  as  in  art  28.  and  fuppofe  a line  to  be  drawn  through  the  centre 
of  the  field  in  a plane,  perpendicular  to  the  plane  of  motidn  : this  line  will  be  in  the 
fixed  plane  of  refleaion ; and  any  deviation  of  the  points  in  contad  through  a 

foull  angular  fpacc  r‘,  from  the  center  of  the  field  will  caufe  an  equal  variation  ; in 

the 
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the  angle  of  incidence  on  the  fixed  fpeculum ; the  corrcfponding  reparation  of 

• mi  t \spmc  x/i-ffi'xi  — *? 

the  images  will  be  = 


✓7 


- in1  + n*p 


I 

— — (p*  429-)  which  is  the  greateft  pofliblc 


I \/q  — I vrn  f 7n 3 — 3 m 

when  p =r  ; — = fine  of  35  n'  47"  (if  m — fin.  7% 

and  j — fin.  10',  asin  tab.  I.  and  II.)  being  thenrr  -7—  ; but  if  mfin.  30",  as  in 

/ ^7 

m 

tab.  III.  the  greateft  feparation  will  be  only  ^7^,  correfponding  to  lefs  than  one- 

third  of  a degree  for  the  images  motion  through  io'  in  the  field  of  the  telefcope. 
In  like  manner  let  a line  be  drawn  through  the  center  of  the  field  perpendicular  to  the 
-line  before  deferibed  ; any  deviation  of  the  points  in  contaft  through  a fmall  angle 

7 in  the  direftion  of  this  line  will  caufe  the  plane  of  reflexion  at  the  fixed  fpeculum 
to  be  inclined  to  the  primitive  fecondary  with  which  it  fhould  coincide  at  an  angle  =r 

g ...  \mp~se  xV^i  — jlx7i- p1 

— ; this  will  occafion  a feparation  of  the  images  = - — — : r^r— 

m v i — m+mp 

(page  429.—  being  there  fubftituted  for  d)  which  is  the  greateft  poflible  when 
m 

>.  _ . r 9 — S/;i  ~ 3 : 4"  _ If  m — fin.  70  and  s — fin,  10',  as  in  tab.  I.  and  II. 
r — M 4 nr 

• • 

e d 

the  greateft  feparation  of  the  images  will  be  =r  ^ but  if  s=  fin.  30  ' 

• -• . 

and  m — fin.  7”,  as  in  tab.  III.it  will  only  = = an{WerS 

a divarication  of  lefs  than  1 for  the  images  motion  through  10'  in  the  field 
,of  the  telefcope,  in  the  direition  of  the  line  above  deferibed,  which  is  drawn 
through  the  center  of  the  field,  and  perpendicular  to  the  fixed  plane  of  reflexion, 
lit  muft  be  remembered,  that  the  feparations  of  the  images  here  eftimated  are 
greater  than  can  poffibly  happen  in  thefe  conflations,  when  the  index  is 
•dire&ed  to  any  other  points  of  the  circumference  of  the  plane  of  motion  (the 
diftance  of  the  images  from  the  center  the  field  not  exceeding  i»')  and  are, 
even  in  this  cafe,  phyfically  fpeaking,  evanefeent. 
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table  hi. 


Arc 

pointed  t< 
by  the 
index. 

Obferved 

angle. 

ioo° 

i //  tn 

1 31  39 

IOI° 

' 3a  *9 

IOZ° 

1 32  59 

0 

0 

1 33  39 

j<H° 

1 34  18  - 

l05 

1 34  sfi 

; 1060 

1 35  34  - 

1 0 

0 

1 36  12- 

io8° 

* 36  5°  - 

109° 

1 37  27  - 

1 no0 

1 38  3 

D iff. 


,o 

4o 

40 

39 

Z 

ii 

3*_ 

3*_ 

37 

36 


TABLE  IV. 


Ate 

pointed  tc 
by  the 
md  x. 

Obferved 

angle. 

100  s 

/ it  in 

3°  38  23 

IOl° 

3°  51  47- 

102 

31  5>  2- 

103° 

3«  iS  9- 

104° 

3>  3*  7- 

105° 

3l  43  56 " 

106 

i1  56  37- 

O 

1 ~ 

32  9 9“ 

1080 

<2  21  32- 

109° 

J2  33  46  - 

IIO° 

— — 

2 45  52 

DifF. 


it  it! 

*3  24 

*3  15 

_*3 7 
12  58 

12  49 
12  41 


12 


32 


12  23 

12  14 


12 
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